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Introduction 

Let 7r : Z — > B be an elliptic fibration with a section. The goal of this paper is 
to study holomorphic vector bundles over Z. We are mainly concerned with vector 
bundles V with trivial determinant, or more generally such that det V has trivial 
restriction to each fiber, so that detV^ is the pullback of a line bundle on B. (The 
case where det V has nonzero degree on every fiber is in a certain sense simpler, 
since it usually reduces to the case considered here for a bundle of smaller rank.) 
We give two constructions of vector bundles, one based on the idea of a spectral 
cover of B and the other based on the idea of extensions of certain fixed bundles 
over the elliptic manifold Z. Each of these constructions has advantages and the 
combination of the two seems to give the most comprehensive information. 

Vector bundles over a single elliptic curve were first classified by Atiyah [1]; 
however, he did not attempt to construct universal bundles or work in families. 
The case of rank two bundles over an elliptic surface was studied in [3] , [6] , [4] with 
a view toward making computations in Donaldson theory. The motivation for this 
paper and the more general study of the moduli of principal G-bundles over families 
of elliptic curves (which will be treated in another paper) grew out of questions 
arising in the recent study of F-theory by physicists. The explanation of these 
connections was given in [7]. For these applications Z is assumed to be a Calabi- 
Yau manifold, usually of dimension two or three. However, most of the results on 
vector bundles and more generally G-bundles are true with no assumptions on Z. 
The case of a general simple and simply connected complex Lie group G involves a 
fair amount of algebraic group theory and will be treated elsewhere, but the case 
G = SL n (C) can be done in a quite explicit and concrete way, and that is the 
subject of this paper. 

For both mathematical and physical reasons, we shall be primarily interested 
in constructing stable vector bundles on Z. Of course, stability must be defined 
with respect to a suitable ample divisor. Following well-established principles, the 
natural ample divisors to work with are those of the form Hq + Ntt*H for N ^> 0, 
where Hq is some fixed ample divisor on Z and H is an ample divisor on B. If V is 
stable with respect to such a divisor, then V\f is semistable with respect to almost 
all fibers /. (However the converse is not necessarily true.) One special feature of 
vector bundles V with trivial determinant on an elliptic curve is that, if the rank of 
V is at least two, then V is never properly stable. Moreover, if V has rank n > 1, 
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then V is never simple; in fact, the endomorphism algebra of V has dimension at 
least n. But there is still a relative coarse moduli space Mz/b, which turns out to 
be a P" _1 -bundle over B. A stable vector bundle on Z defines a rational section 
of Mz/b- Conversely, a regular section of Mz/b defines a vector bundle over Z, 
and in fact it defines many such bundles. Our goal will be to describe all such 
bundles, to see how the properties of the section are reflected in the properties of 
these bundles, and to find sufficient conditions for the bundles in question to be 
stable. 

In the first three sections we consider a single (generalized) elliptic curve E. In 
Section 1 we construct a coarse moduli space for ^-equivalence classes of semistable 
SL n (C)-bundles over E. It is a projective space P™ -1 , in fact it is the projective 
space of the complete linear system \np \ where p € E is the origin of the group 
law. It turns out that each S-equivalence class of semistable bundles has a "best" 
representative, the so-called regular representative. The defining property of these 
bundles, at least when E is smooth, is that their automorphism groups are of 
the smallest possible dimension, namely n. We view them as analogues of regular 
elements in the group SL n (C). The moduli space we construct is also the coarse 
moduli space for isomorphism classes of regular semistable SX„(C)-bundles over 
E. As we shall see, the regular bundles are the bundles which arise if we try to fit 
together the S'-equivalence classes in order to find universal holomorphic bundles 
over P™- 1 x E. 

In Section 2, assuming that E is smooth, we construct a tautological bundle U 
over P™ -1 x E which is regular semistable and with trivial determinant on each slice 
{x} x E and such that J7|{a:} x E corresponds to the regular bundle over E whose 
S'-equivalence class is x. There is not a unique such bundle over P™ -1 x E, and 
we proceed to construct all such. The idea is that there is an n-sheeted covering 
T — ► P" -1 called the spectral cover, such that U is obtained by pushing down 
a Poincare line bundle V — > T x E under the covering map. It turns out that 
every bundle over P™ _1 x E which is of the correct isomorphism class on each slice 
{x} x E is obtained by pushing down V®p\M for some line bundle M on T. There 
is a generalization of this result to cover the case of families of regular semistable 
bundles on E parameterized by arbitrary spaces S. 

In Section 3 we turn to a different construction of "universal" bundles over 
P™ -1 x E. Here we consider the space of extensions of two fixed bundles with 
determinants Oe(±Po)- For a fixed rank d, there is a unique stable bundle of 
rank d such that det = Oe{po)- For 1 < d < n — 1, we consider the space of all 
nonsplit extensions V of the form 

-> -> V -> W n _ d -» 0. 

The moduli space of all such extensions is simply VH 1 {W^_ d <E> W%) = P n_1 . Over 
P™ _1 x E there is a universal extension whose restriction to each fiber is regular 
semistable. There is thus an induced map from the P n_1 of extensions to the coarse 
moduli space defined in Section 1, which is |npo| — P n_1 - By a direct analysis we 
show that this map is an isomorphism. Actually, there are n—1 different versions 
of this construction, depending on the choice of the integer d, but the projective 
spaces that they produce are all canonically identified. On the other hand, the 
universal extensions associated with different versions of the construction are non- 
isomorphic universal bundles. Finally, we relate these families of bundles to the 
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ones arising from the spectral cover construction, which we can then extend to the 
case where E is singular. We remark here that we can interpret the construction 
of Section 3 as parametrizing those bundles whose structure group can be reduced 
to a maximal parabolic subgroup P of SL n , such that the induced bundle on the 
Levi factor is required to be © W n -d in the obvious sense. This interpretation 
can then be generalized to other complex simple groups [8] . 

In Section 4 we generalize the results of the first three sections to a family 
7r : Z — > B of elliptic curves with a section a. By taking cohomology along the fibers 
of 7r, we produce a vector bundle over the base, namely n^Oz(na) = V n , which glob- 
alizes H°(E, Oe(tiPo))- The associated projective bundle V-K^Ozina) = PV„ then 
becomes the appropriate relative coarse moduli space. We show that ir*Oz(na) has 
a natural splitting as a direct sum of line bundles. This decomposition is closely 
related to the fact that the coefficients of the characteristic polynomial of an ele- 
ment in sin are a polynomial basis for the algebra of polynomial functions on sl n 
invariant under the adjoint action. Having constructed the relative coarse moduli 
space, we give a relative version of the constructions of Sections 2 and 3 to produce 
bundles over PV„ x B Z. The extension construction generalizes easily. The bundles 
we used over a single elliptic curve have natural extensions to any elliptic fibration. 
We form the relative extension bundle and the universal relative extension in direct 
analogy with the case of a single elliptic curve. Relative versions of results from 
Section 3 show that the relative extension space is identified with PV„. Following 
the pattern of Section 3, we use the extension picture to define a universal spectral 
cover of PV„, and in turn use this spectral cover to construct new universal vector 
bundles. Finally, we calculate the Chern classes of the universal bundles we have 
constructed. 

In Section 5, using the theory developed in the first four sections, we study 
vector bundles V over an elliptic fibration tt : Z — > B such that the restriction of V 
to every fiber is regular and semistable. To such a bundle V, we associate a section 
A(V) of PV„ and a cover Ca —* B of degree n, the spectral cover of B determined 
by V. Conversely, V is determined by A and by the choice of a line bundle on Ca- 
After computing some determinants and Chern classes, we discuss the possible line 
bundles which can exist on the spectral cover. Then we turn to specific types of 
bundles. After describing symmetric bundles, which are interesting from the point 
of view of f-theory, we turn to bundles corresponding to a degenerate section. 
First we consider the most degenerate case, and then we consider reducible sections 
where the restriction of V to every fiber has a section. Finally, we relate reducible 
sections to the existence of certain subbundles of V. 

In Section 6, we consider bundles V whose restriction to a generic fiber is regular 
and semistable, but such that there exist fibers Eb where V\Eb is either unstable or it 
is semistable but not regular. If V fails to be regular or semistable in codimension 
one, it can be improved by elementary modifications to a reflexive sheaf whose 
restriction to every fiber outside a codimension two set is regular and semistable. 
We describe this process and, as an illustration, analyze the tangent bundle to an 
elliptic surface. On the other hand, if the locus of bad fibers has codimension at 
least two, no procedure exists for improving V, and we must analyze it directly. 
The case of instability in codimension two or higher corresponds to the case where 
the rational section A determined by V does not actually define a regular section 
(this case can also lead to reflexive but non- locally free sheaves) . The case where V 
has irregular restriction to certain fibers in codimension at least two corresponds to 
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singular spectral covers. We give some examples of such behavior, without trying 
to be definitive. Our construction can be viewed as a generalization of the method 
of Section 3 to certain non-maximal parabolic subgroups of SL n . 

Finally, we turn in Section 7 to the problem of deciding when the bundles V 
constructed by our methods are stable. This is the most interesting case for both 
mathematical and physical reasons. While we do not try to give necessary and 
sufficient conditions, we show that, in case the spectral cover Ca of B determined 
by V is irreducible, then V is stable with respect to all ample divisors of the form 
Ho + Ntt*H, where H is an ample divisor on Z and H is an ample divisor on B, 
and N ^> 0. We are only able to give an effective bound on TV in case dim£? = 1, 
i.e. Z is an elliptic surface, but it seems likely that such an effective bound exists 
in general. 

We will have to deal systematically with singular fibers of Z — > B, and the 
price that must be paid for analyzing this case is a heavy dose of commutative 
algebra. In an attempt to make the paper more readable, we have tried to isolate 
these arguments where possible. We collect here some preliminary definitions and 
technical results. While these results are well-known, we could not find an adequate 
reference for many of them. 

Notation and conventions. 

All schemes are assumed to be separated and of finite type over C. A sheaf is 
always a coherent sheaf. We will identify a vector bundle with its locally free sheaf of 
sections, covariantly. If V is a vector bundle, then FV is the projective space bundle 
whose associated sheaf of graded algebras is fe>o Sym fc V v ; thus these conventions 
are opposite to those of EGA or [10] . Given sheaves S, S' , we denote by Hom(S, S') 
the sheaf of homomorphisms from S to <S' and by Hom(<S,<S') = H°(Hom(S,S')) 
the group of all such homomorphisms. Likewise Ext k (S,S r ) is the Ext sheaf and 
Ext fc (<S, S') is the global Ext group (related to the local Ext groups by the local to 
global spectral sequence). 

0.1. Elliptic curves and elliptic fibrations. 

Recall that a Weierstrass equation is a homogeneous cubic equation of the form 

(0.1) Y 2 Z = AX 3 - g 2 XZ 2 - g 3 Z 3 , 

with 32, 33 constants. We will refer to the curve E in P 2 defined by such an equation, 
together with the marked point p = [0,1,0] at infinity, as a Weierstrass cubic. 
Setting 

A(<?2,33) =gl - 27 gl, 

if A(32, 33) ^ 0, then (0.1) defines a smooth cubic curve in P 2 with the marked point 
[0,1,0], i.e., defines the structure of an elliptic curve. If A(g 2 ,g3) = 0, then the 
corresponding plane cubic E is a singular curve with arithmetic genus p a (E) = 1. 
If (32,33) is a smooth point of the locus A (32, 33) = 0, then the corresponding 
plane cubic curve is a rational curve with a single node. The smooth points of 
such a curve form a group isomorphic to C* with identity element po- The point 
32 = 33 = is the unique singular point of A (32, 33) = and the corresponding 
plane curve is a rational curve with a single cusp. Once again its smooth points 
form a group, isomorphic to C, with identity element p . These are all possible 
reduced and irreducible curves of arithmetic genus one. 
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Next we consider the relative version of a Weierstrass equation. Let n : Z — > Bhe 
a fiat morphism of relative dimension one, such that the general fiber is a smooth 
elliptic curve and all fibers are isomorphic to reduced irreducible plane cubics. 
Here we will assume that B is a smooth variety (although the case of a complex 
manifold is similar). We shall always suppose that n has a section a, i.e. there exists 
a divisor a contained in the smooth points of Z such that n\a is an isomorphism. 
Let L = B^-k^Oz — Oz{—cf)\o, viewed as a line bundle on B. Then there are 
sections G 2 £ H°(B;L® 4 ) and G 3 G H°{B;L® 6 ) such that A(G 2 ,G 3 ) ^ as a 
section of L® 12 , and Z is isomorphic to the subvariety of F(Ob © L 2 © L 3 ) defined 
by the Weierstrass equation Y 2 Z = AX 3 - G 2 XZ 2 - G 3 Z 3 . Conversely, given the 
line bundle L on B and sections G 2 £ H°(B;L® 4 ), G 3 £ H°(B;L® 6 ) such that 
A(G 2 , G 3 ) ^ 0, the equation Y 2 Z = AX 3 - G 2 XZ 2 - G 3 Z 3 defines a hypersurface 
Z in P(C_b © L 2 © i 3 ), such that the projection to .B is a flat morphism whose 
fibers are reduced irreducible plane curves, generically smooth. We will not need to 
assume that Z is smooth; it is always Gorenstein and the relative dualizing sheaf 
u>z/b is isomorphic to L. Thus, the dualizing sheaf loz is isomorphic to ir* Kb ® L. 

Let us describe explicitly the case where the divisors associated to G 2 and G 3 
are smooth and meet transversally. This means in particular that if G 2 and G 3 are 
chosen generically, then G 2 — 27G 3 defines a section of L 12 . We shall denote by L 
the zero set of this section. Then T is smooth except where G 2 = G 3 = 0, where 
it has singularities which are locally trivial families of cusps. The fiber of ir over 
a smooth point of L is a nodal plane cubic, and over a point where G 2 = G 3 = 
the fibers of n are cusps. Let T be the locus of points where n is singular. Thus L 
maps bijectively onto L. There are local analytic coordinates on B so that, near a 
cuspidal fiber Z has the local equation y 2 = x 3 + sx + t. Here x, y are a set of fiber 
coordinates for F(Ob ffi L 2 ffi L 3 ) away from the line at infinity and x, y, s, t form 
part of a set of local coordinates for P(Ob © L 2 © L 3 ). Thus x, y, s are coordinates 
for Z. The local equation for T is 4s 3 + 27t 2 = 0. The equations for the singular 
point of the fiber over T are as follows: y = 0, s = — 3x 2 , t = 2x 3 . In particular, L is 
smooth, and is the normalization of L. The morphism from Z to B is given locally 
by (s, t), where t = y 2 — x 3 — sx. 

0.2. Rank one torsion free sheaves. 

Let E be a singular Weierstrass cubic and let E leg be the set of smooth points of 
E. The arithmetic genus p a {E) is one. We let n: E — > E be the normalization map. 
The generalized Jacobian J(E) is the group of line bundles of degree zero on E, and 
(as in the smooth case) is isomorphic to E reg via the map e £ E rcg i— > Oe{e — Pa)- 
Just as we can compactify E rcg to E by adding the singular point, we can compactify 
J(E) to the compactiGed generalized Jacobian J(E), by adding the unique rank 
one torsion free sheaf which is not locally free. Here a sheaf S over E is torsion-free 
if it has no nonzero sections which are supported on a proper closed subset (i.e. a 
finite set). In particular, the restriction of S to the smooth points of E is a vector 
bundle, and so has a well-defined rank, which we also call the rank of S. If S 
is a torsion- free sheaf on E we let dcg5 = x(<S) + (p a (E) — 1) (rank S) = x(S)- 
(This agrees with the usual Riemann-Roch formula in case E is smooth.) Thus 
the degree of such sheaves is additive in exact sequences, and if «S' C S such 
that the quotient is supported at a finite set of points, then degS' < degS with 
equality if and only if S' = S. If <S is torsion free and V is locally free, then 
deg(y<8>S) = (degF)(rank l S) + (deg<S)(rankV / ). To see this, first use the fact that 
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there is a filtration of V by subbundles whose successive quotients are line bundles, 
so by the additivity of degree we can reduce to the case where V is a line bundle. 
In this case, we may write V = Oe(cIi — d 2 ), where d\ and d 2 are effective divisors 
supported on the smooth points of E, and then use the exact sequences 

0^5® E {-d 2 ) -► S -> S ® O d2 -f 

and 

0^5® E (-d 2 ) -^S® €> E {d\ -d 2 )^S® O dl -» 0, 

together with the usual properties, to conclude that deg(V®S) = (deg V)(rank<S) + 
(deg£) in case V is a line bundle. Thus we have established the formula in general. 

Next let us show that there is a unique torsion free rank one sheaf T which 
compactifies the generalized Jacobian. 

Lemma 0.2. There is a unique rank one torsion free sheaf J 7 on E of degree zero 
which is not locally free. It satisfies: 

(i) Hom{T, T) = n^O^. 

(ii) T y S T. 

(hi) For all line bundles A of degree zero, Hom{\, J-) = Hom{HF,X) = T and 
Hom(A, T) = Hom(.F, A) = 0. Likewise Ext 1 (J 7 , A) = Ext 1 (A, = 0. 

Proof. The first statement is essentially a local result. Let R be the local ring of E 
at the singular point and let R be the normaliztion of R. If locally T corresponds 
to the i?-module M, let M be the i?-module M ®^ R modulo torsion. Then by 
construction M is a torsion free rank one i?-module, so that we may choose a R- 
modulc isomorphism from M to R. Since M is torsion free, the natural map from 
M to M = R is injective, identifying M as an i?-submodule of R which generates 
R as a i?-module. Thus M contains a unit of R, which after a change of basis we 
may assume to be 1, and furthermore M contains R ■ 1 = R C R. But since the 
singularity of E is a node or a cusp, £(R/R) = 1, and so either M = R or M = R. 
Note that there are two isomorphic non-locally free i?-modules of rank one: R and 
m, where m is the maximal ideal of R. The ideal m is the conductor of the extension 
R of R, and Homfl(fi, R) = m, where the isomorphism is canonical. 

By the above, every rank one torsion free sheaf on E is either a line bundle or of 
the form n*L, where L is a line bundle on E. Now E = P 1 , and degn*0 P i (a) = a+1. 
Thus n*0 P i (—1) is the unique rank one torsion free sheaf on E of degree zero which 
is not locally free. Note that, if is the ideal sheaf of the singular point x S E, 
then degtria; = —1, by using the exact sequence 

-> m x O e -> C,, 0. 

Thus m x = n*£>£(-2). 
To see (i), note that 

H om(n*0 P i (-1), n*C P i(-l)) = n*Hom(n*n*Opi(—l),Opi(—l)). 

Since n is finite, the natural map n*n„0 P i(— I) — > C P i(— I) is surjective, and its 
kernel is torsion. Thus 

ffom(n*n*0 P i(-l),Opi(-l)) = i7om(C P i (-1), Opi(-l)) = P i = O^, 
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proving (i). To see (ii), we have invariantly that 

Hom(n*(D El Oe) = m x = n*0 E (—2). 

Thus tensoring with Oe{— Po) and using n*0 E tg> Oe(-Po) = n*n*OE(— Po) = 
n*0 E (-l) gives 

Hom(n*0 E {-l), O e ) = Hom(n*0 E ® E (-Po), O e ) = 
= n*0 E {-2) ® O e {po) = n*0 E {-l), 

which is the statement that T y = T . To see (hi), if A is a line bundle of degree 
zero, then Hom(\, T) = A -1 <g> T is a nonlocally free sheaf of degree zero, and hence 
it is isomorphic to T by uniqueness. Likewise 

Hom(T, A) = A ® T y = \ ® T = T. 

Moreover, Hom(A, T) = H (J 7 ) = 0, since by degree considerations a nonzero map 
A -1 — > T would have to be an isomorphism, contradicting the fact that T is not 
locally free. The proof that Hom(jF, A) = is similar. Now Ext (.F, A) is Serre 
dual to Hom(A, T) = 0, since A is locally free. Also, Ext 1 (A, T) = H x (\- X ® T) = 
n x {T) = 0, since h°{T) = dcgT = 0. □ 

Remark. In case E is nodal, Ext 1 (J 7 , J-) is not Serre dual to Hom(J r , T), and in 
fact Ext 1 (J", T) = ^(Ext 1 (J 7 , T)) has dimension two. In this case P Ext 1 (J 7 , T) = 
P 1 can be identified with the normalization of E. The preimages {x\,X2\ of the 
singular point give two different non-locally free extensions, and the remaining 
locally free extensions V of T by T are parametrized by P 1 — {xi,X2} — C*. The 
set of such V is in 1 — 1 correspondence with J(E) = E via the determinant. 

Next we define the compactified generalized Jacobian of E. Let Ao be the 
diagonal in E x E and let 7a De its ideal sheaf. We let Oexe(^o) = Ia ( , an( i 

V = O Bx£ (A -(Ex {p })) = JX ® 7t* 2 Oe(-Po)- 

Lemma 0.3. In the above notation, 

(i) Vo is flat over both factors of E x E, and Vq is locally isomorphic to Ja c . 

(ii) If e is a smooth point of E, the restriction of Vo to the slice {e} x E is 
Oe(c— po)- If x is the singular point of E, the restriction ofVo to the slice 
{x} x E is T. 

(iii) Suppose that S is a scheme and that L is a coherent sheaf on S x E, flat 
over S, such that for every slice {s} x E, the restriction of C to {s} x E 
is a rank one torsion free sheaf on E of degree zero. Then there exists a 
unique morphism f : S — > E and a line bundle M on S such that C = 
{f x Id)*V ® <M. 

Proof. We shall just outline the proof of this essentially standard result. The proofs 
of (i) and (ii) in case Vo is replaced by Ia , with the necessary changes in (ii), are 
easy: From the exact sequence 

— ► Ia — * Oexe — * Oa 0, 
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and the fact that both E x E and Ao are flat over each factor, we see that Ia is 
fiat over both factors, and the restriction of Ia to the slice {e} x E is Oe(— e), 
if e ^ x, and is m x in case e = x. To handle the case of Vo, the main point is to 
check that Oexe(^o) = Ia„ is locally isomorphic to Ia , and that the inclusion 
Ia„ —* Cexe dualizes to give an exact sequence 

-► Oexe -» Oexe(Ao) -» Oa -» 0. 

This may be checked by hand, by working out a local resolution of 7a ■ We omit 
the details. 

Another, less concrete, proof which generalizes to a flat family it : Z — > B is as 
follows. Dualizing the inclusion of Ia ~^ Oexe gives an exact sequence 

- Oexe -> JX - ^(Oao.CW) -» 0. 

To check flatness of J)( o and the remaining statements of (ii), it suffices to show 
that, locally, Ex^^&^Oexe) = O a „- Clearly Ex^^^Oexe) is a sheaf 
of Oa -modules and thus it is identified with a sheaf on E via the first projec- 
tion. If 7Ti, 7r 2 : E x E — > E arc the projections, we have the relative Ext sheaves 
Ext l „ l (0a o , Oexe)- (See for example [2] for properties of these sheaves.) The 
curve E is Gorenstein and thus Ext (C x , Oe) — C for all x <E E. By base change, 
Ext\ 1 (£>a i Oexe) is a line bundle on E. On the other hand, by the local to global 
spectral sequence, 

Ext\ x (Q Ao , Oexe) = TT^Ext^OA,,, Oexe). 

Thus Ext 1 {O\ ,OExE) can be identified with a line bundle on A , and so it 
is locally isomorphic to Oa - Dualizing this argument gives an exact sequence 
(locally) 

0^7> o v -^Oexe ^ Ext 1 (O a , Oexe) -► 0, 

and so (locally again) Vq = (Ia ) vv — Ia q - In particular Vq is also flat over E. 

To see (iii), suppose that S and C are as in (iii). By base change, 7Ti*(£ ® 
ir^OEipo)) — M _1 is a line bundle on S, and the morphism 

7r l7 ri*(£ ® 7r 2 *C> B (po)) = -k\M~ x -+ C ® 7r^C> B (po) 

vanishes along a subscheme Z of 5 x £, flat over S* and of degree one on every 
slice. Thus Z corresponds to a morphism / : S — > £ = Hilb 1 £, such that Z is the 
pullback of A C E x E by (/ x Id)*. This proves (iii). □ 

A very similar argument proves the corresponding result for the dual of the 
ideal of the diagonal m Z Xb Z, where tt: Z — > B is a flat family of Weierstrass 
cubics. In this case, we let A be the ideal sheaf of the diagonal in Z x B Z, and set 
Vo = Ia ® 7r 2^^( — where a is the section. Then Vo is flat over both factors 
Z, and has the properties (i)-(iii) of (0.3). We leave the details of the formulation 
and the proof to the reader. 

Finally we discuss a local result which will be needed to handle semistable sheaves 
on a singular E. (In the application, R is the local ring of E at a singular point.) 
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Lemma 0.4. Let R be a local Cohen- Macaulay domain of dimension one and let 
Q be a finitely generated torsion free R-module. Then Ext^((3, R) = 0. 

Proof. By a standard argument, if Q has rank n there exists an inclusion Q C R n . 
Thus necessarily the quotient R n /Q is a torsion i?-modulc T. Now Ext i j(<5,-R) — 
Ext 2 R (T, R). Since R is Cohen-Macaulay, if m is the maximal ideal of R, then 
Extfl(i?/m, R) = 0. An induction on the length of T then shows that Ext^(T, R) = 
for all .R-modulcs T of finite length. Hence Ext^(Q, R) = 0. □ 

0. 3. Semistable bundles and sheaves on singular curves. 

Let E be a Weierstrass cubic and let 5 be a torsion free sheaf on E. The 
normalized degree or sJope /x(<S) of 5 is defined to be deg<S/ rank 5. A torsion free 
sheaf S is semistable if, for every subshcaf 5' of S with < rank S' < rank 5, then 
we have /x(«S') < /x(«S), and it is unstable if it is not semistable. Equivalently, S is 
semistable if, for all surjections S — > S", where <S" is torsion free and nonzero, we 
have n(S") > fJ,(S). A torsion free rank one sheaf is semistable. Given an exact 
sequence 

-► S' -> 5 -> 5" -> 0, 

with /z(«S') = = fi(S"), S is semistable if and only if both 5' and S" are 

semistable. If 5 is a torsion free semistable sheaf of negative degree, then (for 
E of arithmetic genus one) hP(S) = and hence ^(S) = — dcgiS, and if S is a 
torsion free semistable sheaf of strictly positive degree, then since is dual to 

Hom(<S, Oe), it follows that = and that h°(S) — deg5. Every torsion free 

sheaf S has a canonical Harder-Narasimhan filtration, in other words a filtration 
by subsheaves F° C F 1 C • • • such that F l+1 / ' F l is torsion free and semistable and 
fi(F i /F i ~ 1 ) > v{F t+1 /F l ) for all i > 1. 

Definition 0.5. Let V and V be two semistable torsion free sheaves on E. We say 
that V and V are S-equivalent if there exists a connected scheme S and a coherent 
sheaf V on S x E, flat over S, and a point s' e S such that V = V|{s} x £7 if 
s ^ s' and V = V\{s'} x _E. Wc define S -equivalence to be the equivalence relation 
on semistable torsion free sheaves generated by the above relation. Suppose that 

V and V' are two semistable bundles on E. We say that V and V' are restricted 
S-equivalent if there exists a connected scheme S, a vector bundle V on S x E, 
and a point s' e S such that V = V|{s} x E if s ^ s' and V = V|{s'} x E. We 
define restricted S-equivalence to be the equivalence relation on semistable bundles 
generated by the above relation. 

1. A coarse moduli space for semistable bundles over a Weierstrass 
cubic. 

Fix a Weierstrass cubic E with an origin p and consider semistable vector 
bundles of rank n and trivial determiniant over E. Our goal in this section will 
be to construct a coarse moduli space of such bundles, which we will identify with 
the linear system |npo|- Given a vector bundle V, we associate to V a point C(^) 
in the projective space \npo\ associated to the linear system OE(npo) on E. In 
case E is smooth, ((V) records the unordered set of degree zero line bundles that 
occur as Jordan-Holder quotients of any maximal filtration of V. More generally, if 

V — > S x E is an algebraic (or holomorphic) family of bundles of the above type on 
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E, then the function <I>: S — > |npo| defined by <f>(s) = ( (V\{s} x E) is a morphism. 
tf E is smooth, two semistable bundles V and V are are S-equivalent if and only 
C(V) = ((V). This identifies \np \ as a (coarse) moduli space of S-equivalence 
classes of semistable rank n bundles with trivial determinant on E. A similar 
result holds if E is cuspidal. In case E is nodal, however, there exist ^-equivalent 
bundles V and V such that C(^) ^ seems likely that, in case E is nodal, 

C(V) = ((V) if and only if V and V are restricted S'-equivalent (0.5). 

The moduli space \np \ is not a fine moduli space, for two reasons. One problem 
is the issue of S'-equivalence versus isomorphism. To deal with this problem, we will 
attempt to choose a "best" representative for each S-equivalence class, the regular 
representative. In case E is smooth, a regular bundle V is one whose automorphism 
group has dimension equal to its rank, the minimum possible dimension. Even after 
choosing the regular representative, however, \npo\ fails to be a fine moduli space 
because the bundles V are never simple. This allows us to twist universal bundles 
by line bundles on an n-sheeted cover of |npo|> the spectral cover. This construction 
will be described in Section 2. 

1.1. The Jordan- Holder constituents of a semistable bundle. 

The two main results of this section are the following: 

Theorem 1.1. Let V be a semistable torsion free sheaf of rank n and degree zero 
over E. Then V has a Jordan-Holder filtration 

C F° C F 1 C • • • C F n = V 

so that each quotient F t /F l ~ 1 is a rank one torsion free sheaf of degree zero. For 
X a rank one torsion free sheaf of degree zero, define V(X) to be the sum of all the 
subsheaves of V which have a filtration such that all of the successive quotients are 
isomorphic to X. Then V = ® A V(X). In particular, if V is locally free, then V(X) 
is locally free for every X. 

Theorem 1.2. Let V be a semistable torsion free sheaf of rank n and degree zero 
on E. Then 

(i) h°(V ® Oe(po)) = n and the natural evaluation map 

ev: H°(V ® O E {p )) ® C G E ^V® O E (p ) 

is an isomorphism over the generic point of E. 

(ii) Suppose that V is locally free with detV — G E (e — po). The induced map 
on determinants defines a map 

A n ev: detH°{V®O E (p ))® c O E S O e -> det (V ® E (po)) = O E ((n-l)p + e). 

Thus A n ev defines a non-zero section of E ((n — l)po + e) up to a nonzero 
scalar multiple, i.e. a point of |(n — l)p + e\. We denote this element by 
((V). In particular, if e = po, then ((V) € \npo\- 

Proof of Theorem 1.2. Let V be a semistable sheaf of degree zero and rank n on E. 
The degree of V®O E {p ) is n. By definition, h°{V®G E {2>o))-h 1 {V®GE(po)) = n. 
By Serre duality, ^(V <g> G E (po)) = dimHom(V, G E {— Po)). Since V is semistable, 
Hom(V r , G E (-p )) = 0. Thus h (V®0 E (po)) = n. Next we claim that the induced 
map ev: H°(V ® G E (po)) ®c G E — > V <S> G E (po) is an isomorphism over the generic 
point of E; equivalently, its image I C V <S> G E (po) has rank n. To prove this, we 
use the following lemma. 
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Lemma 1.3. Let E be a Weierstrass cubic, let I be a torsion free sheaf on E and 
let no(I) be the maximal value o//x(J) as J runs over all torsion free subsheaves of 
I. Then 

h°(I) < max(n (I), 1) rank/. 

Proof. If C F° C • • • C F k = I is the Harder-Narasimhan nitration of /, then 
a (I) = n(F°), F l+1 /F l is semistable, and n{F l+1 / F l ) < n (I) for all i > 1. 
Furthermore 

h°(I) <J2 h °( F ' l+1 / Fl )- 

i 

Now if n(F l+1 /F l ) > 0, then since h^F^/F 1 ) = dimUom(F 1+1 / F l , O E ) = 0, 
it follows that ^(F^/F 1 ) = Aeg{F t+1 /F l ) = [i(F t+1 / 1 F l ) ■ rank( J F 4+1 /F l ) < 
l i {I)raak{F i+1 /F i ). lin(F t+1 /F l ) < 0, then 

h Q {F t+1 /F l ) = < rank(F 4+1 /^). 

There remains the case that [i(F l+1 / ' F l ) = 0. In this case, we claim that 

h°{F l+l /F l ) < i&nk{F l+l /F l ). 

In fact since F l+1 / 'F % is semistable, this follows from the next claim. 

Lemma 1.4. If V is a semistable torsion free sheaf on E with u(V) = 0, then 
h°(V) < rankV. 

Proof. Argue by induction on rankT^. If rankt^ = 1 and h°(V) > 1, then there 
exists a nonzero map Oe — ► V, and since h(Oe) = ^(V), this map must be an 
isomorphism. Thus h°(V) = 1. In general, if rankV = n + 1 and h°(V) / 0, 
choose a nonzero map Oe — > V. Since V is semistable, the cokernel Q of this map 
is torsion free and thus is also semistable, with fi(Q) = 0. Since the rank of Q is n, 
by induction we have h°(V) < 1 + h°(Q) < n + 1. □ 

Returning to the proof of (1.3), we see that in all cases 

h°(F l+1 /F l ) < max( A i (/),l)rank(F J+1 / J F 14 ). 

Summing over i gives the statement of (1.3). □ 

We continue with the proof of Theorem 1.2. There is the map 

ev: H°(V ® O E (p )) ®cO E ->V® O e (po)- 

Let / be its image. By construction / is a subsheaf of a locally free sheaf and 
hence is torsion free. Also, by construction the map H°(I) — > H°(V ® Oe(po)) 
is an isomorphism, and thus h°(I) = n. Since V ® Ob(po) is semistable and 
fj,(V ® Ob(po)) = 1, we have /i (-f) < 1- Thus, by (1.3), n = h°(I) < rank/ < n, 
and so rank/ = n. Equivalently, the image of ev is equal to V ® C_e(po) at the 
generic point. From this, the remaining statements in Theorem 1.2 are clear. □ 

Proof of Theorem 1.1. Let us first show that has a Jordan-Holder filtration as 
described. The proof is by induction on the rank n of V. If n = 1, there is nothing 
to prove. For arbitrary n, we shall show that there exists a nonzero map A — > V, 
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where A is a rank one torsion free sheaf of degree at least zero. By semistability, 
the degree of A is exactly zero and V/X is torsion free. We can then apply induction 
to V/X. 

The proof of Theorem 1.2 above shows that, if V is a semistable torsion free 
sheaf of rank n and degree zero, then there is an injective map 0^, n — > V ®Oe{po) 
whose image has rank n. Thus there is a map Oe{— Po) ™ — ► V whose image has 
rank n. The cokernel of this map must be a torsion sheaf r. Note that, in case V 
is locally free, r is supported exactly at the points in the support of ((V). Since 
degV = 0, r ^ 0. Choose a point x in the support of r. If R is the local ring of E 
at x and m is the maximal ideal of x, then r x is annihilated by some power of m. 
Let k be such that m fe r ^ but m k+1 r = 0. Choosing a section of m fc r produces 
a subsheaf t of r which is isomorphic to C^, in other words is isomorphic to R/m 
as an i?-module. 

Let Vo C V be the inverse image of To- Then Vq corresponds to an extension of 
C x by Oe{— Po) 0r \ and hence to an extension class in 

Ext^CO^-po) ") = ^(^(C^O^-po)®") = Ext^(i?/m,iT). 

The ring i? is a Gorenstein local ring of dimension one, and so Ext R (R/m, R) = C. 
(Of course, this could be verified directly for the local rings R under consideration.) 
In fact, if £ is a smooth point of E and t is a local parameter at x, then the unique 
nontrivial extension of R/m by R corresponds to the exact sequence 

-» R R -> .R/m -» 0, 

whereas if a; is a singular point then the nontrivial extension is given by 

-» i? -> i?/m 0. 

Let ^ be the extension class corresponding to Vo in 

Ext^C^Osl-po) ") = Ext^(i?/m,i?") S C". 

In the local setting, let M be the i?-module corresponding to Vo, and suppose that 
we are given an extension 

-> i? -» i?/m 0, 

with a corresponding extension class 77 € Ext^(i?/m, i?) and a homomorphism 
/: R — > i? n such that = By a standard result, there is a homomorphism 

— ► M lifting /, viewed as a homomorphism R — > M. In particular, this says 
that the image of i? in M is contained in a strictly larger rank one torsion free 
i?-module. 

Returning to the global situation, let A be the unique nontrivial extension of 
C x by Oe(— Po), and let 77 be the corresponding extension class, well-defined up 
to a nonzero scalar. Thus A is a rank one torsion free sheaf of degree zero. Since 
Hom(OE{— Po), Oe{— Po)® n ) is generated by its global sections, there exists a ho- 
momorphism /: Oe{— Po) — * Cb(^Po) ™ such that the image of 77 under /* in 
Ext 1 ^, Oij(-po) ™) is t Then the inclusion O E (-p ) -» E {-po)® n -> V -» V 
factors through a nonzero map A — > V, necessarily an inclusion with torsion free 
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cokernel. Thus we have proved the existence of the Jordan-Holder filtration by 
induction. 

By using the fact that Ext 1 (A, A') = if A ^ A', an easy argument left to the 
reader shows that V(X) ^ if and only if Hom(V, A) ^ if and only if Hom(A, V) ^ 
0. Thus we can always arrange that, if A is a sheaf appearing as one of the quotients 
in Theorem 1.1, then there exists a filtration for which A = F° is the first such sheaf 
which appears, and also one for which A = F n /F n ~ 1 is the last such sheaf which 
appears. 

Fix a rank one torsion free sheaf A of degree zero, and let V'(X) be the sum of all 
subsheaves of V which have a filtration by rank one torsion free sheaves of degree 
zero which are not isomorphic to A. Let V(A) = V/V'(X). Clearly V(A) is a torsion 
free semistable sheaf, such that all of the quotients in a Jordan-Holder filtration 
of V are isomorphic to A. Again using Ext 1 (A, A') = if A =/= A', one checks that 
Ext (V(A), V (A)) = 0. Thus, by induction on the rank, V is isomorphic to the 
direct sum of the V"(A). This concludes the proof of Theorem 1.1. □ 

The construction of Theorem 1.2 works well in families. 

Theorem 1.5. Let E be a Weierstrass cubic, and let S be a scheme or analytic 
space. Let V be a rank n vector bundle over S x E such that on each slice {s} x E, V 
restricts to a semistable vector bundle V s of trivial determinant. Then there exists 
a morphism $ : S — > |npo| = P™ _1 such that, for all s £ S, we have 3>(s) = C(V S ). 
In particular, ifV and V are restricted S -equivalent, then ((V) = ((V). 

Proof. Let p\,p2 be the projections from S x E to S and E. To construct a mor- 
phism from S to \npo\ we shall construct a homomorphism ^:p\Lq — > p\L\ ® 
p\OE{np®), where L , L\ are line bundles on S, with the property that the restric- 
tion of ^> to each slice {s} x E determines a nonzero section of Oe(tipo) (which is 
thus well-defined mod scalars), agreeing with A n ev. The map <3/ is defined in the 
next lemma. 

Lemma 1.6. The sheaf pi*(V <X> pIOe(po)) is a locally free sheaf of rank n on S. 
Let Lq be its determinant line bundle. If i& : p\p\*{y ® p^CbCpo)) — * V ®P2®e{pq) 
is the natural evaluation map, then its restriction to each slice {s} xE is generically 
an isomorphism, agreeing with ev. Thus 

* = dct*:p^i -> detV ®p* 2 E (npo) 

has the property that its restriction to each slice {s} x E is is nonzero and agrees 
with A n ev. 

Proof. It follows from Theorem 1.2 that, if V s is the restriction of V to the slice 
{s} x E, then h°(V s <S> Oe(po)) — n is independent of s. Standard base change 
arguments [10, Theorem 12.11, pp. 290-291] show that, even if S is nonreduced, 
Pi*(V <8> p^OeIpo)) is a locally free sheaf of rank n on S, and the natural map 
Pi*(V <X> P20e(po))s —* H°(V S (g> Oe(po)) is an isomorphism for every s £ S. Thus 
the induced morphism p*pi*(V <S> p^OEipa)) —* V ®P2®e{po) is a morphism 
between two vector bundles of rank n. Let V 8 be the restriction of V to the slice 
{s} x E. Again by base change, the natural map pi*(V <X> pIOe(po))s — * H°{V S ® 
Oe(po)) ®c Oe is surjective. The result is now immediate from Theorem 1.2. □ 

Next notice that since for every s £ S, detV|({s} x E) is trivial, it follows that 
dct V is isomorphic to p\L\ for some line bundle L\ on S. To complete the proof 



14 



ROBERT FRIEDMAN, JOHN W. MORGAN AND EDWARD WITTEN 



of Theorem 1.5 we need to check that the section Vt'(s) = ((V s ) for all s E S. This 
is immediate from the corresponding statement in Theorem 1.2. □ 

In fancier terms, Theorem 1.5 says that there is a morphism of functors from the 
deformation functor of semistable vector bundles of rank n and trivial determinant 
on E to the functor represented by the scheme \np \. In general, this morphism 
is far from smooth; for example, at the trivial bundle O e , the derivative of the 
morphism is identically zero. However, if we restrict to regular semistable bundles 
(to be defined in §1.2 below), then it will follow from (v) in Theorem 3.2 that the 
derivative is always an isomorphism. 

The sheaves A which appear as successive quotients of V in Theorem 1.1 are the 
Jordan-Holder quotients or Jordan-Holder constituents of V. They appear with 
multiplicities and the multiplicity of A in V is independent of the choice of the 
filtration. The summands V(X) of V are canonically defined. It is easy to see from 
the construction that C(V) = ^2 X £(V(A)). More generally, ( is additive over exact 
sequences of semistable vector bundles of degree zero. Also, if det V = 0£;(e — po) 
and e' is a smooth point of E, then e' lies in the support of C(V) as a divisor in 
\(n — l)po + e\ if and only if A = Oe(e' — p ) is a Jordan-Holder constituent of V. 
Thus, if the rank of V(X) is d\, then 

((V) = ]T d x e x + e r , 

where A = Os{e\ — po) and ejr is a divisor of degree dp supported at the singular 
point of E. In this way we can associate a point of the n th symmetric product of 
E with such a V: namely 

^2 rank(y(A))e A + djr ■ s 

where A = Oe{c-\ — Po) an d s e E is the singular point. Note that there is a 
morphism |npo| - * Sym n E, which is a closed embedding if E is smooth, or more 
generally away from the elements of \npo\ whose support meets the singular point 
of E. 

Suppose that E is smooth. Since a degree zero line bundle on E is identified with 
a point of E via the correspondence A ^ q if A = Oe{(1— Po), the m &P which assigns 
to a semistable bundle V the unordered n-tuple of its Jordan-Holder quotients, 
including multiplicities, is the same as the map assigning to V an unordered n- 
tuple ((V) of points of E, i.e., a point 

((V) G (E x • • • x E) /e n , 

" v ' 

n times 

where & n is the symmetric group on n letters. If £(V) — (ei, . . . ,e„), then the 
condition that the determinant of V is trivial means that Yll=i e « = m ^ ne g rou P 
law of E, or equivalently that the divsior Y^i=i e * 1S nnear ly equivalent to npo- 
Thus, the unordered n-tuple (ei, . . . , e„) associated to V can be identified with a 
point in the complete linear system \np \, and this point is exactly C(^)- 

An important difference in case E is singular is that, while a point of \np \ 
determines a point on the symmetric n-fold product of E, in general it contains 
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more information at the singular point than just its multiplicity. Thus, the function 
$ should be viewed not as a point in the n-fold symmetric product but as a point 
in the linear system \npo\. For example, if E is nodal and n > 2, then an element 
of \npo\ supported entirely at the singular point corresponds to a hyperplane in 
pn-i mee ti n g the image of E embedded by the complete linear system \np \ just 
at the singular point. As such, it is specified by two positive integers a and b with 
a + b = n, the orders of contact of the hyperplane with the two branches of E at 
the node. 

1.2. Regular bundles over a Weierstrass cubic. 

Let E be a Weierstrass cubic. Every semistable bundle is of the form 

A 

where A ranges over the isomorphism classes of rank one torsion free sheaves on 
E of degree zero. Let us first analyze V(X) in case A is a line bundle. If V(X) is 
a semistable bundle with the property that all Jordan-Holder quotients of V are 
isomorphic to A, or in other words H°(X' V(X)) — for all A' ^ A -1 , then the 
associated graded to every Jordan-Holder filtration of V(X) is a direct sum of line 
bundles isomorphic to A. Of course, one possibility for V(X) is the split one: 

V(X) s A er . 

At the other extreme we have the maximally non-split case: 

Lemma 1.7. Let E be a Weierstrass cubic, possibly singular. For each natural 
number r > and each line bundle X of degree zero there is a unique bundle J r (A) 
up to isomorphism with the following properties: 

(i) the rank of I r (X) is r. 

(ii) all the Jordan-Holder quotients of I r (X) are isomorphic to X. 

(iii) I r (X) is indecomposable under direct sum. 

Furthermore, for all r > and all line bundles X, I r (X) is semistable, 7 r (A) v = 
IAX- 1 ), det/ r (A) = X r , and dim Hom(/ r ( A), A) = dimHom(A, I r (X)) = 1. 

Proof. We first construct the bundle I r = I r (OE) by induction on r. For r = 1 
we set I r = Oe- Suppose inductively that we have constructed 7 r _i with the 
properties given in the lemma. Suppose in addition that -ff°(7 r „i) = C. Since the 
degree of 7 r _i is zero, it follows that H 1 {I r - 1 ) = C and hence there is exactly one 
non-trivial extension, up to scalar multiples, of the form 

-» J r _! I r -» E -► 0. 

One checks easily all the inductive hypotheses for the total space of this extension. 
This proves the existence of I r for all r > 0. Uniqueness is easy and is left to the 
reader. 

We define I r (X) = I r <8> A. The statements of (1.7) are then clear. □ 

The bundle I r (X) has an increasing filtration by subbundles isomorphic to Ifc(A), 
k < r. We denote this filtration by 

{0} c iq/ r (A) c • • • c F r 7 r (A) = 7 r (A), 

and refer to FiI r (X) as the i th Eltrant of I r (X). When the bundle is clear from the 
context, we denote the subbundles in this filtration by Fi. Notice that F t = I t (A) 
and that I r (X)/F r - t ^ I t (X). 

Let us note some of the basic properties of the bundles I r {X). 
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Lemma 1.8. Let J be a proper degree zero subsheaf of I r (X). Then J is contained 
in F r -i- In fact, J = F t for some t < r. 

Proof. By the semistability of 7 r (A), I r (X)/J is a nonzero semistable torsion free 
sheaf of degree zero. Clearly all of its Jordan-Holder quotients are isomorphic to 
A. In particular there is a nonzero map I r (X)/J — > A. The composition 7 r (A) — ► 
I r (X)/J — > A defines a nonzero map from I r (\) to A containing J in its kernel. By 
(1.7), there is a unique such nonzero map mod scalars, and its kernel is F r -\. Thus 
J C F r _i. Applying induction to the inclusion J C F r _i = 7 r _i(A), we see that 
J = F t for some t < r. □ 

Our next result is that the filtration is canonical, i.e., invariant under any auto- 
morphism of I r (X). 

Corollary 1.9. If ip:I r (X) — > I r (X) is a homomorphism, then, for all i < r, 

?{Fi) C Fi. 

It follows that if tp is an automorphism, then for all i we have <p(Fi) — F{. More 
generally, ifip:I r (X) — ► It(X) is a homomorphism, then 

<p(F s (I r (X))) CF s (I t (X)). 

Proof. It suffices to prove the last statement. By the semistability of 7 r (A) and 
/((A), ip(F 8 (I r (X)j) is a degree zero subsheaf of It (A) of rank at most s. Thus it is 
contained in F s (I t (X)). □ 

Lemma 1.10. Fix < t < r and let q r y.I r {X) — > It{X) be the natural quotient 
map. Then q r _ t induces a surjective homomorphism from the endomorphism algebra 
of I r (X) to that of it (A). A similar statement holds for the automorphism groups. 
Finally, as a C-algebra, Hom(7 r (A), I r (X)) ^ C[t]/(t r ). 

Proof. That q rit induces a map on endomorphism algebras is immediate from (1.9). 
Let us show that it is surjective. We might as well assume that t = r — 1 > 
since the other cases will then follow by induction. Let A: I r -i(X) — > I r _i(A) 
be an endomorphism. Since the map q r , r -i'- Ir(X) — > 7 r _i(A) induces the zero 
map on Hom(A, •), it follows by duality that the map q* r _\. Ext 1 (/ r _i(A), A) — ► 
Ext 1 (/ r (A), A) is zero. Hence the composition A o q r>r -\: I r (X) — ► 7 r _i(A) lifts to 
a map A:I r (X) — > I r (X). Thus the restriction map on endomorphism algebras is 
surjective. To see the statement on automorphism groups, suppose that A is an 
isomorphism. We wish to show that A is an isomorphism. To see this, perform the 
construction for A~ x as well, obtaining a map A^ 1 : I r (X) — > I r (X). The composition 
B = A^ 1 o A:I r (X) — ► / r (A) projects to the identity on 7 r _i(A). This means 
that B — Id:/ r (A) — > Fi{I\)). Since r > 1, this map is nilpotcnt, and hence 
B = Id+(B — Id) is an isomorphism. 

Finally we prove the last statement. Let A r : I r (X) — > I r (X) be any endomor- 
phism defined by a composition 

J r (A) -^7 r _i(A) ^I r (X). 

Note that A T r = and that the restriction of A r to I r (X)/Fi = 7 r _i(A) is of the form 
A r _i. Suppose by induction that Hom(7 r _i(A), J r _i(A)) = C[^4 r _i]. Then every 
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cndomorphism T of I r (X) is of the form T = p(A r ) + T', where p is a polynomial 
of degree at most r — 2 in A r and T" induces the zero map on I r (X)/F\. In this 
case T' is given by a map from I r (X) to F\, necessarily zero on F r _i, and it is easy 
to check that T" must in fact be a multiple of A^ 1 . Thus Hom(/ r (A), I r (A)) = 
C[A r ] = C[t]/(t r ). □ 

We need to define an analogue of I r (X) in case the Jordan-Holder quotients are 
all isomorphic to the non-locally free sheaf T. We say that a semistable degree zero 
bundle 1(F) concentrated at the singular point of E is strongly indecomposable 
if Hom(J(^ r ), F) = C. Notice that since Rom(V(F),F) ^ for any non-trivial 
semistable bundle V(T) concentrated at the singular point, it follows that if 1(F) 
is strongly indecomposable, then it is indecomposable as a vector bundle in the 
usual sense. However, the converse is not true: there exist indecomposable vector 
bundles which are not strongly indecomposable. It is natural to ask if every vector 
bundle supported at T is an extension of strongly indecomposable bundles. Unlike 
the smooth case, it is also not true that 1(F) is determined up to isomorphism by 
its rank and the fact that it is strongly indecomposable. Nor is it true that 1(F) 
always has a unique filtration with successive quotients isomorphic to T . As we 
shall show in Section 3, 1(F) is determined up to isomorphism by its rank and the 
point ((1(F)). 

There is the following analogue for 1(F) of (1.8): 

Lemma 1.11. Suppose that I (IF) is strongly indecomposable. Let p: 1(F) — > F be 
a nonzero homomorphism, unique up to scalar multiples, and let X = Ker p. If J 
is a proper degree zero subsheaf of 1(F), then J is contained in X. 

Proof. Let J C 1(F) be a subsheaf of degree zero. The quotient Q = 1(F)/ J must 
be torsion-free, for otherwise J would be contained in a larger subsheaf J of the 
same rank and bigger degree, contradicting the semistability of 1(F). This means 
that Q is semistable of degree zero. Clearly, it is concentrated at the singular point. 
Thus, there is a nontrivial map Q — > T ' . By the strong indccomposability of 1(F), 
the composition I(T) — > Q — > J- is some nonzero multiple of p. In particular, the 
kernel of this composition is X. This proves that J C X. □ 

Definition 1.12. Let V be a semistable bundle with trivial determinant over a 
Weierstrass cubic. We say that V is regular or maximally nonsplit if, 

V = Q)I ri (Xi)®I(F) 

i 

where the X t are pairwise distinct line bundles and I(T) is a strongly indecompos- 
able bundle concentrated at the singular point. 

For E smooth, Atiyah proved [1] that every vector bundle V, all of whose Jordan- 
Holder quotients are isomorphic to A, can be written as a direct sum ©j/ ri (A). 
The argument carries over to the case where E is singular, provided that A is a line 
bundle Oe(c — po). Thus, in this case there is a unique regular bundle V of rank r 

such that the support of ((V) is e. More generally, given a divisor eH he„ G |npo| 

supported on the smooth points, there is a unique regular semistable rank n vector 
bundle V of trivial determinant over E such that C(^) = ( e ii • • i e n)- An analogue 
of Atiyah's theorem for the singular points has been established by T. Teodorescu 
[12]. In this paper, we shall show in Section 3 that, given a Cartier divisor D in 
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|npo| whose support is the singular point, then there is a unique regular semistable 
rank n vector bundle V of trivial determinant such that ((V) = D. 

Regular bundles have an extremely nice property: Their automorphism groups 
have minimal possible dimension. We shall show this for smooth E in the next 
lemma. To put this property in context, let us consider first the centralizers of 
elements in GL n (C). The centralizer of any element has dimension at least n. Ele- 
ments in GL n (C) whose centralizers have dimension exactly n are said to be regular 
elements. Every element in GL n (C) is 5-equivalent to a unique regular element up 
to conjugation. Here two elements A,B€ GL n (C) are said to be ^-equivalent if 
every algebraic function on GL n (C) which is invariant under conjugation takes the 
same value on A and B. Said another way, A and B are ^-equivalent if there is an 
element C 6 GL n (C) which is in the closure of the orbits of both A and B under 
the conjugation action of GL n (C) on itself. From our point of view regular bundles 
are the analogue of regular elements. In fact, for a smooth elliptic curve E, one 
way to construct a holomorphic vector bundle over E is to fix an element u in the 
Lie algebra of SL n (C). Define a holomorphic connection on the trivial bundle 

d u = d + udz 

where d is the usual operator on the trivial bundle. If u is close to the origin in the 
Lie algebra, then the automorphism group of this new holomorphic bundle will be 
the centralizer of u in GL n (C). In particular, this bundle will be regular and have 
trivial determinant if and only if U — exp(u) is a regular element in SL n (C). For 
example, if U is a regular semisimple element of SL n (C) then the corresponding 
vector bundle over E will be a sum of distinct line bundles of degree zero. More 
generally, the decomposition of U into its generalized eigenspaces will correspond to 
the decomposition of V into its components V(X). Clearly, S'-equivalent elements 
of GL n (C) yield S'-equivalent bundles. 

Here is the analogue of the dimension statements for vector bundles over a 
smooth elliptic curve. 

Lemma 1.13. Let V be a semistable rank n vector bundle over a smooth elliptic 
curve E. 

(i) dim Hornby) > n. 

(ii) V is regular if and only if dim Hom(V, V) = n. In this case, if V = 
0i-fdi(Aj), then the C-algebra Hom(V, V) is isomorphic to i C[t]/(t di ). 
In particular, Hom(V, V") is an abelian C-algebra. 

(iii) V is regular if and only if, for all line bundles A of degree zero on E, 
h°(V ® A -1 ) < 1. 

Proof. It is easy to check that Hom(V(A), V(X')) ^ if and only if A = A', and 
(using Corollary 1.9 and Lemma 1.10) that Hom^, Id) = C[t]/(t d ). The statements 
(i) and (ii) follow easily from this and from Atiyah's theorem. To see (iii), note that, 
for a line bundle fi of degree zero, V(p) is regular if and only if h°(V(n) <8)/i _1 ) = 1, 
which implies that h°(V® A" 1 ) < 1 for all A since h°(V([i)<g> X' 1 ) = if A ^ fi. □ 

We will prove a partial analogue of (ii) in Lemma 1.13 for singular curves in 
Section 3. 

Very similar arguments show: 
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Lemma 1.14. Let E be a Weierstrass cubic and let V be a semistable rank n 
vector bundle over E. Then V is regular if and only if, for every rank one torsion 
free sheaf A of degree zero on E, dimHom(V, A) < 1. Moreover, suppose that V 
is regular and that S is a semistable torsion free sheaf of degree zero on E. Then 
dimHom(V, S) < rankiS. □ 

2. The spectral cover construction. 

In this section we shall construct families of regular semistable bundles over a 
smooth elliptic curve E. The main result is Theorem 2.1, which gives the basic 
construction of a universal bundle over \npo\ x E, where |npo| — P" _1 is the coarse 
moduli space of the last section. We prove that the restriction of the universal 
bundle to every slice is in fact regular, and that every regular bundle occurs in this 
way. By twisting by a line bundle on the spectral cover, we construct all possible 
families of universal bundles (Theorem 2.4) and show how they are all related by 
elementary modifications. In Theorem 2.8, we generalize this result to families of 
regular semistable bundles parametrized by an arbitrary base scheme. In case E is 
singular, we establish slightly weaker versions of these results. Most of this material 
will be redone from a different perspective in the next section. Finally, we return 
to the smooth case and give the formulas for the Chern classes of the universal 
bundles. 

Throughout this section, unless otherwise noted, E denotes a smooth 
elliptic curve with origin p n . 

2.1. The spectral cover of \npo\. 

Let E n ~ x be embedded in E n as the set of n-tuples (ei, . . . , e„) such that ^\ a = 
in the group law on E, or equivalently, such that the divisor ^ . on E is linearly 
equivalent to npo- The natural action of the symmetric group & n on E n thus 
induces an action of & n on E n ~ x . As we have seen, the quotient E n ~ 1 /& n is 
naturally the projective space \npo\ = P™ -1 . View 6 n _i as the subgroup of & n 
fixing n, and let T = £7™ _1 /6 n _i. Corresponding to the inclusion 6„_i C 6 n 
there is a morphism v:T^> p™- 1 which realizes T as an n-sheeted cover of P" _1 . 
Here v is unbranched over e\ + • • • + e„ G \npo | if and only if the are distinct. The 
branch locus of v in P™ _1 is naturally the dual hypersurface to the elliptic normal 
curve defined by the embedding of E in the dual projective space (except in case 
n = 2, where it corresponds to the four branch points of the map from E to P 1 ). 
The map v. T — > \np n \ is called the spectral cover of \np \. We will discuss the 
reason for this name later. 

The sum map (ei, . . . , e n ) — Y^i=i e i 1S a surjective homomorphism from E n 
to E, and its restriction to E n ~ 1 is again surjective, with fibers invariant under 
& n -i- Thus there is an induced morphism r: T — > E. In fact, r(ei, . . . , e„) = e„ 
and 



modulo the obvious 6„_i-action. Thus the fiber of r over e is the projective space 
\npo — e|, of dimension n — 2. Globally, T is the projectivization of the rank n — 1 
bundle £ over E defined by the exact sequence 




-> £ -> H° 



(E; O E (np )) ®c O e -» O E (np ) -» 
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where the last map is evaluation and is surjective since 0£;(npo) is generated by 
its global sections. The fiber of r over a point e££ consists of those sections of 
Oe{it,Po) vanishing at e, and the corresponding projective space is just \npo — e\. 
We see that there is an induced morphism on projective bundles 

g: VS -> P (H°(E; O E (np )) ®c O e ) = \np \ xE = P"" 1 x E, 

such that g is a closed embedding of T onto the incidence divisor in \npo\ x E, and 
that r is just the composition of this morphism with the projection |npo| x E ^ E. 
Clearly v is the composition of the morphism g: PS — ► \np \ x E with projection to 
the first factor, or equivalently g = [y, r). Given e G E, let F e — r*e be the fiber over 
e and let ( be the divisor class corresponding to ci(Ot(1)), viewing T as PS. Since 
£ sits inside the trivial bundle, it follows that ( = g*^\h, where h = c\{0 V n-i (1)), 
and thus C, — v*h. Note also that each fiber F e of T = P£ — > _E is mapped linearly 
into the corresponding hyperplane H e — \npo — e of P™ _1 = \npo\ consisting of 
divisors containing e in their support. Thus as divisor classes ^*[F e ] = h. 

There is a special point o = o^; = npo G |npo|- ( ln terms of regular scmistablc 
bundles, o corresponds to I n .) It is one of the n 2 points of ramification of order n 
for the map T — ► \npo\, corresponding to the n-torsion points of E. 

2.2. A universal family of regular semistable bundles. 

Next we turn to the construction of a universal family of regular semistable 
bundles E. It will be given by a bundle J7o over |npo| x E. Over E n ^ 1 x E, we 
have the diagonal divisor 

n 

{ (ei, ...,e n ,e):e = e n ,y^ej = 0}, 

i=l 

which is invariant under the 6„_i-action and so descends to a divisor A on T x E, 
which is the graph of the map r:T — > E. . Note that A = T and that 

A = (r x Id)*A , 

where Ao is the diagonal { (e, e) : e G Let G = T x {po}- Then the divisor 
A — G has the property that its restriction to a slice {(ei, . . . , e n _i, e„)} x _E can 
be identified with the line bundle C_E(e„ — po). We define £o — > T x _E to be the 
line bundle Ct x _e(A — G), and we set 

£/ = {v x Id), £ . 

Theorem 2.1. Lef E be a smooth elliptic curve. The sheaf Uo over \npo\ x _E 
constructed above is a vector bundle of rank n. For each x G \npo\ the restriction of 
Uo to {x} x E is a regular semistable bundle V x with trivial determinant and with 
the property that C,{V X ) = x. 

Proof. Since v x Id is an n-sheeted covering of smooth varieties, it is a finite flat 
morphism and hence C/o is a vector bundle of rank n. If {(ei, . . . , e n _i, e n )} is 
not a branch point of u, or in other words if the ei are pairwise distinct, then 
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Uq = {v x Id)*0Tx£;(A — G) restricts over the slice {(ei, . . . , e n _i, e„)} x £ to a 
bundle isomorphic to the direct sum 

0A)|{ei} x£ 

which is clearly isomorphic to 

Oj5(ei - p ) e ■ • ■ 8 £>£( e n - p ). 

This shows that for a generic point s £ \npo\ the restriction C/o|{s} x E is as claimed: 
it is the unique regular semistable bundle with the given Jordan-Holder quotients. 

In general, consider a point x £ \np \ of the form Y^i=i r i e ii where the ei £ 
E and the rj are positive integers with ^\ n — n. We claim that the Jordan- 
Holder quotients of the corresponding bundle are Oe{&i — po), with multiplicity 
Ti. The preimage of x in T consists of £ points yi,...,ye, each of multiplicity r,. 
Viewing T as the incidence correspondence in P" -1 x E, the point y, corresponds 
to ^X)i=i r i e i' e i) • If -R = Ot/ih^Ot is the coordinate ring of the fiber over x, 
then R is the product of £ local rings Ri of lengths ri, . . . ,rg. It clearly suffices to 
prove the following claim. 

Claim 2.2. In the above notation, Cq ® J?, has a filtration all of whose successive 
quotients are isomorphic to A, where Aj = 0£;(ei — po). In particular, the restriction 
of Uq to this slice is semistable and has determinant A n . 

Proof. The ring Ri has dimension and is filtered by ideals whose successive 
quotients are isomorphic to C Vi . Thus C <8> i?i is filtered by subbundles whose 
quotients are all isomorphic to the line bundle £o\{yi} x E. But by construction 
this restriction is Oe{z% — Po)- □ 

At this point, we have seen that Uq is a family of semistable bundles on E whose 
restriction to every fiber has trivial determinant and with the "correct" Jordan- 
Holder quotients. It remains to show that Uq is a family of regular bundles over 
E. 

Claim 2.3. The restriction of U a to every slice {e} x E is regular. 

Proof of the claim. To see that the restriction to each slice is regular, note that a 
semistable V of degree on E is regular if and only if, for all line bundles A on E of 
degree zero, ^(V^X' 1 ) < 1. By Riemann-Roch on E, /j°(F<g>A _1 ) = ^(V^X' 1 ). 
Thus we must show that h}{V ® A -1 ) < 1. 

First we calculate R^^Uo ® t^A -1 ), where tti : P"" 1 x E P™" 1 is the 
projection to the first factor. Let qi : T x E 1 — > T be the first projection. Consider 
the diagram 

T x E -^±> P^- 1 x £ 
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Since i/ and v x Id are affine, we obtain 



3>n — 1 



[(i/ x Id)*0 TxB (A - G) <8> ttJA- 1 ] = ^V* [CW(A - G) ® gJA" 1 ] 
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Now apply flat base change to the Cartesian diagram 

T x E 

Qi 

T 

We have T xe(A - G) = (r x M)*O E xe(^0 - {Ex {p })), and thus the sheaf 
R x qi* [Otxe(A — G) <S> <Z2^ _1 ] is isomorphic to 

r'flVi. [CW(A - (-Ex { Pa })) ® p^A" 1 ] . 

Rrestricting to the slice {e} x £7, we see that 

(Oexe(Ao -(Ex {po}))®?*^- 1 ) 

is supported at the point e of E corresponding to the line bundle A (i.e. A = 0g(e- 
Po j), and the calculation of [6], Lemma 1.19 of Chapter 7, shows that the length at 
this point is one. Thus taking r* gives the sheaf Of c , and v*Of c = Oh c , where H e 
is a reduced hyperplane in P" _1 . Thus we have seen that i? 1 ^!* (U (g)7r|A _1 ) is (up to 
twisting by a line bundle) Oh c , where H e is the hyperplane in P™ -1 corresponding 
to \npa — e|. Since tt\ has relative dimension one, -R 2 7ri*(£/<g>7T2A _1 ) = 0. It follows 
by the theorem on cohomology and base change [10] Theorem 12.11(b) that the 
map R}"Ki»{U ® ttJA- 1 ) -»• H l (V ® A -1 ) is surjective, and thus h x {V <8> A^ 1 ) < 1 
as desired. □ 

2.3. All universal families of regular semistable bundles. 

We have constructed a bundle Uq over |npo| x E with given restriction to each 
slice. Our next goal is to understand all such bundles. 

Theorem 2.4. Let E be a smooth elliptic curve. Let tt\: \npo\ x E — > \npo\ be the 
projection onto the first factor, and let U a be the bundle constructed in Theorem 
2.1. Then: 

(i) The sheaf TTi*Hom(Uo, Uq) is a locally free sheaf of algebras of rank n over 
\npo\ which is isomorphic to v^Ot- 

(ii) Let U' be a rank n vector bundle over \npo \ x E with the following property. 
For each x E \np \ the restriction of U' to {x} x E is isomorphic to the 
restriction of U to {x} x E. Then U' = (y x Id)* [C Tx _e(A - G) ® q*L] 
for a unique line bundle L on T . 

Proof. In view of Claim 2.3 and the definition of a regular bundle, iri*Hom(Uo, Uq) 
is a locally free sheaf of algebras of rank n over |npo|- To see that it is isomorphic 
to v^Ot, note that multiplication by functions defines a homomorphism v^Ot —>■ 
TTi*Hom(Uo,Uo) which is clearly an inclusion of algebras. Since both sheaves of 
algebras are rank n vector bundles over P™ _1 , they agree at the generic point 
of |npo|- Thus, over every affine open susbct of \npo\ the rings corresponding to 
iri*Hom(Uo, Uq) and v*Ot are two integral domains with the same quotient fields. 
Since T is normal and TTi*Hom(Uo,Uo) is finite over v*Ot (since it is finite over 
P n-i), the two sheaves of algebras must coincide. This proves (i). 
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Now suppose that U' satisfies the hypotheses (ii) of (2.4). By base change 
TTi*Hom(U' , Uo) is a locally free rank n sheaf over |npo|- Composition of homo- 
morphisms induces the structure of a iri*Hom(Uo, £/o)" m odule on -K\*Hom(U' , Uo). 
Thus -K\*Hom{U' , Uo) corresponds to a ^Op-module. We claim that, as an Ox- 
module, -K\*Hom{U' , Uo) is locally free rank of rank one. To see this, fix a point x in 
|npo| an d let V, V be the vector bundles corresponding to the restrictions of U', Uo 
to the slice {x} x E. Of course, by hypothesis V' and V are isomorphic. Choose 
an isomorphism s: V — > V and extend it to a local section of ir lst Hom{U' ', Uo) in a 
neighborhood of x, also denoted s. The map ni*Hom(Uo, Uo) — > ■K\ if B.om{U l Uo) 
defined by multiplying against the section s is then surjective at s, and hence in a 
neighborhood. Viewing both sides as locally free rank n sheaves over \npo\, the map 
is then a local isomorphism. But this exactly says that -K\*Hom{U' , Uo) is a locally 
free -K\*Hom{Uo, £/o)-module of rank one. Thus iri*Hom(U' , Uo) corresponds to a 
line bundle on T, which we denote by L~ x . Of course, for any line bundle M on T, 
setting 

Uo[M] = {vx Id), [cVxb(A - G) ® q{M] . 

we have 

■K^Hom{U', U [M}) = 7Ti*(zy x Id)*H om{{u x ld)*U', C T xb(A - G) O q{M)) 
= v*qi* \q\M ® ffom((i/ x Id)*[/', C T xb(A - G))] 
= i/, [M ® qi *Hom{{v x Id)*U', Otxb(A - G))] , 

The case M = Or tells us that, as ^Or-modules, 

v*L~ x = 7n*ifora(f7', t/b) = ^ [gi*#ora((^ x ld)*U', Otxb(A - G))] . 

Hence, we have 

n lt ,Hom(U', U [M\) = v t (M ® L" 1 ). 
Taking M — L we have 

7ri*i2om(C/',C/ [£]) = ^Ot- 

Via this identification, the section 1 e H°(Ot) then defines an isomorphism from 
U' to Uo(L), as claimed. □ 

In view of the previous result, we need to describe all line bundles on T. Since 
T is a P"~ 2 bundle over E, we have: 

Lemma 2.5. The projection mapping r:T — > E induces an injection 

r* PicE -> PicT. 

If n — 2, r is an isomorphism and thus PicT = PicE. For n > 2, since 
T is included in P£ C P™ _1 x E, we can define by restriction the line bundle 
Opn-i(l)|T = T (l) onT. Then 

PicT = r* Pic E@1[O t (1)\. □ 

In view of Lemma 2.5, we make the following definition. For p e E, let F p C T 
be the divisor which is the preimage of p. 
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Definition 2.6. For every integer a, let U a = (y x M)*Otxe(A - G - a(F po xE)). 
More generally, given e e E, define 

U a [e] = {vx ld)*0 TxE (A -G-(a + l)(F po x E) + (F e x E)). 

Thus U a [po] — U a - By Lemma 2.5, every vector bundle obtained from J7o by 
twisting by a line bundle on the spectral cover is of the form U a [e] ® irlO r n-i(b) 
for some b e Z and e e E. (For n = 2, we have the relation v*Opi(l) = Oe(2po), 
and thus U a ® irlO v i (b) = U a -2b-) 

The next lemma says that the U a are all elementary modifications of each other: 

Lemma 2.7. Let H = v(F po ) be the hyperplane in P n_1 = \npo\ of divisors whose 
support contains po, and let i: H — > P™ -1 be the inclusion. Then there is an exact 
sequence 

O^Ua^Ua-i^ {ixl&)*0 H y.E ^ 0. 

Moreover dimHom(C/ a _i|i/ x E,Ohxe) = 1, so that the above exact sequence is 
the unique elementary modification of this type. Likewise, U a [e] is given as an 
elementary modification: 

-► U a+1 -f U a [e] -^{ix Id)*0 He xE ® n$0 E (e - po) -» 0. 
Proof. Consider the exact sequence 

- CW(A - G - a(F po x E)) - 
- CW(A - G - (a - l)(F po x £0) - Of po xb(A - G - (a - l)(F po x £7)) - 0. 

Clearly the restriction of the line bundle Otxe(F Po x E) to F po x E is trivial, 
and G and A both restrict to the divisor F po x {p } C F po x E. Hence the 
last term in the above sequence is Of po xe- Applying [y x Id)* to the sequence 
gives the exact sequence of (2.7). For V a bundle corresponding to a point of H, 
dimHom(y, Oe) = 1. Thus -K\*Eom(U a \EL x E,Ohxe) is a line bundle on H. 
The given map U a \H x E — ► Orxe constructed above is an everywhere generat- 
ing section of this line bundle, so that iri*Hom(U a \H x E,Ohxe) is trivial and 
dimHom(C/ Q | J ff x E,0 H xe) = 1. 

The proof of the exact sequence relating U a +i and U a [e] is similar. □ 

In fact, suppose that we have an elementary modification 

-> U' C/ a ^ Dx£ ® ^ 2 *A -» 0, 

where £) is a hypersurface in |npo| and A is a line bundle of degree zero on E. 
Then it is easy to check that necessarily D = H e for some e and A = Oe(c — 
Po). Of course, it is also possible to make elementary modifications along certain 
hyperplanes corresponding to taking higher rank quotients of U a . 

2.4- Families of bundles over more general parameter spaces. 

Now let us examine in what sense the bundles U — > |npo| x E that we have 
constructed are universal. 
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Theorem 2.8. Let E be a smooth elliptic curve and let S be a scheme or analytic 
space. Suppose thatU — ► SxE is a rank n holomorphic vector bundle whose restric- 
tion to each slice {s} x E is a regular semistable bundle with trivial determinant. 
Let <&: S —> \npo\ be the morphism constructed in Theorem 1.5. Let v$:S — > S be 
the pullback via <I> of the spectral covering T — > |npo| : 

S = S x \ npo \ T, 

and let $: S — > T be the map covering Let q\: S x E — > S be the projection onto 
the first factor. Then there is a line bundle M — > S and an isomorphism ofU with 

{u s x Id), (($ x Id)*(0 TxB (A - G)) <g> q\M) ■ 

Proof. By construction the bundle 

{v s x W),(* x Id)*(0 T xB(A - G)) 

is a family of regular semistable bundles with trivial determinant E, which fiber by 
fiber have the same Jordan-Holder quotients as the family U. But regular semistable 
bundles are determined up to isomorphism by their Jordan-Holder quotients. This 
means that the two families are isomorphic on each slice {s} x E. Now the argument 
in the proof of Theorem 2.4 applies to establish the existence of the line bundle M 
on the spectral covering S as required. □ 

We can also construct the spectral cover S of S directly. This construction will 
also the explain the origin of the name spectral cover. If pi,p% are the projections 
of S x E to the first and second factors, then by standard base change results 
Pi*Hom{U,U) is a locally free sheaf of coherent S'-algebras. Moreover, by the 
classification of regular semistable bundles, it is commutative. Thus there is a well- 
defined space S = Specpi*Hom{U ,U) and a morphism v: S — > S such that Og = 
Pi*Hom{U,U). It is easy to check directly that S — S X| npo | T. By construction, 
there is an action of O s on U that commutes with the action of Oe, and thus U 
corresponds to a coherent sheaf C on S x E. Again by the classification of regular 
semistable bundles, it is straightforward to check directly that C is locally free of 
rank one. Clearly, {v x Id)„X = U. 

We can view Theorem 2.8 as allowing us to replace a family of possibly non- 
regular, semistable bundles with trivial determinant on E with a family of regular 
semistable bundles without changing the Jordan- Holder quotients on any slice. Sup- 
pose that V — > S x E is any family of semistable bundles with trivial determinant 
over E. We have the map <I>: S — > |npo| of Theorem 1.5, and ($ x ld)*Uo — > S x E 
is a family of regular semistable bundles with the same Jordan-Holder quotients as 

V along each slice {s} x E. Of course, the new bundle will not be isomorphic to 

V (even after twisting with a line bundle on the spectral cover) unless the original 
family is a family of regular bundles. 

2. 5. The case of singular curves. 

There is an analogue of these constructions for singular curves. Let E be a 
Weierstrass cubic. The constuction given at the beginning of this section is valid 
in this context and produces a P"~ 2 -bundlc T — ¥£ over E and an n-fold covering 
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map v.T — > \np \. By the description of T as PS, the projection T — > P™- 1 is a 
finite flat morphism. 

Let fi C |npo| be the Zariski open subset of all divisors whose support does not 
contain the singular point of E, and let Tq C T be ^ _1 (f2). We denote by vq the 
restriction of v to Tfi. It is a finite surjective morphism of degree n between smooth 
varieties. As before, we have the divisor A C T x E. We denote by Aq C Tq x E 
the restriction of A to this open subset. We form the line bundle 

Cq = 0T n x_E(Asi - G), 

where G is the divisor Tq x {po}. Let Uq be the sheaf (vq x Id)*(£o) over Q x E. 
It is a vector bundle of rank n. The arguments in the proof of Claim 2.3 apply in 
this context and show that Uq is a family of regular bundles on E parametrized by 
ft. 

The arguments in the proof of Theorem 2.4 apply to yield the following result. 

Proposition 2.9. Let E be a Weierstrass cubic. Let Vl C \np n \ be the Zariski open 
subset defined in the previous paragraph. Let 7rp: fl x E — > Q be the projection onto 
the first factor, and let Uq = (uq x Id)*£o be the bundle over ft x E constructed 
in the previous paragraph. Then: 

(i) The sheaf (iTi)*Hom(UQ ,Uq) is a locally free sheaf of algebras of rank n 
over fl C \npo\ which is isomorphic to is*Ot q - 

(ii) Let U' be a rank n vector bundle over fix E with the following property. For 
each x E Q the restriction of U' to {x} x E is isomorphic to the restriction 
of U to {x} x E. Then U' = (is n x Id)* [0 Tn x E (^n - G) ® <&L] for a 
unique line bundle L on To. 

In Section 3, we shall show how to extend this construction over the singular 
points of E. 

2.6. Chern classes. 

Finally, we return to the case where E is smooth and give the Chern classes of 
the various bundles over |npo| x E in case E is smooth. The proof of (2.10) will be 
given in the next section, and we will prove the remaining results assuming (2.10). 

Proposition 2.10. Identify h e ^(P™" 1 ) with its pullback to P"" 1 x E. Then 
the total Chern class c(U~o) and the Chern character ch(f/o) of Uo are given by the 
formulas: 

c(Uo) = (l-h + n* 2 [p }-h)(l-h) n - 2 
chC/o - ne- h + (1 - 7T 2 *[p ])(l - e~' 1 ). 

Once we have (2.10), we can calculate the Chern classes of all the universal 
bundles. 

Proposition 2.11. Let U a and U a [e] be defined as in (2.6). Let h be the class of a 
hyperplane in PicP"" 1 , which we also view by pullback as an element o/Pic(P Il_1 x 
E). 

(i) c(U a ) = (l-h + 7r* 2 [p ] -h)(l- h) a + n - 2 . 

(ii) ch(U a ® 7rfOp»-i(6)) = ne (b -V h + (1 - a - 7r*[p Q ]){e bh - e (b -^ h ). 
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(iii) det U a [e] = -(a + n- l)h. 

(iv) Let c 2 denote the refined Chern class of a vector bundle in the Chow group 
A 2( pn -i x E y Let ^^pn-i x £ ) be the subgroup fA 2 (¥ n - 1 x E) of all 

cycles homologous to zero, so that ^(P™ -1 X E) = E. Then 

c 2 (U a [e] ®7rJ0p»-i(&)) - c 2 (U a ®7rtO P „-i(6)) = e 
as an element o/Aj^P"- 1 x E)^E. 
Proof. By (2.7), 

c(C/ a ) = c(f/ a _i)c((i x I^.Ohxe)- 1 

and likewise 

ch?7 a = chJ7 a _i - ch((i x 1&)*O h *e)- 
Using the exact sequence 

-» Op„-ixB(--ff X S ) -» Cp-ixB -» (* X ld)*0 H xE -► 0, 

we have 

c((ixM)*Ohxe) = (1-h)- 1 ; 

ch((ixId)»0 H xE) = l-e- h . 

A little manipulation, starting with (2.10), gives (i) and (ii). To see (iii), note that 
by construction det?7 a [e] is the pullback of a class in PicP™ -1 . Moreover, it is 
independent of the choice of e € E. Thus we may as well take e = p , in which case 
U a \po] — U a . In this case, the result is immediate from (i). (iv) follows by using 
the elementary modification relating U a [e] and U a+ i. □ 

Note that 

ci(i;„®7rIPp»-i(6)))=0 

if and only if a — 1 = n(b — 1). A natural solution to this equation is a = b = l.The 
bundle U = Ui <g> TrtO P n-i(b) = (u x Id)„C TxB (A - G - (F Po x E)) is singled out 
in this way as (v x Id)*? 7 , where V is the pullback to T x E of the symmetric line 
bundle Oexe(^o ~ {Po} x E — f x {po}), which is a Poincare line bundle for E x E. 
In this case ch U = n + ^[poRl — e ). Moreover, one can check that C\(U) = and 
c k (U) = {-Ifh^-K^o} for k > 2. 

It is easy to check that, for n > 2, f7 a ®7rj(9pn-i (6) = £/ a '<S>7Ti(9p'»-i (6') if and only 
if a = a' and b = b' . It is also possible to vary af 1 within its algebraic equivalence 
class, which is a family isomorphic to E, and this difference is detectable by looking 
at c 2 (U a <8> ^J" P „-i (6)) in the Chow group A 2 (P n_1 x £7). More precisely, we have 
the following: 

Proposition 2.12. Given two vector bundles U' = (z/xld)* (Otxe(A — G) <g> M') 
and [/" = (1/ x Id)* (C Tx£ ;(A - G) ® M"), w/iere M' and M" are line bundles on 
E, then V and U" are isomorphic if and only if they have the same Chern classes 
as elements of ^(P"" 1 x E). 

Proof. For simplicity, we shall just consider the case n > 2. Using the notation of 
(2.6) and the description of PicT, it suffices to show that, if the Chern classes of 
U a [e] ® irlOpn-i(b) and of U a >[e'] ® Tr*0^n-i(b') are equal in the Chow ring, then 
a = a' ,6 = b', and e = e' . Following the above remarks, the Chern classes of 
U a [e] (g> nlO rn -i(b) in rational cohomology, which are of course the same as those 
of U a ® 7r 1 Op».-i (6), determine a and b (use C3 to find b and c\ to find a). By (iii) 
of (2.11), the class £2 then determines e. □ 
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3. Moduli spaces via extensions. 

In this section we shall describe a completely different approach to constructing 
universal bundles over P" -1 x E. The idea here is to consider the space of exten- 
sions of fixed (and carefully chosen) bundles over E. From this point of view the 
projective space is the projective space of the relevant extension group, which is 
a priori a very different animal from |npo|- We shall show however (Proposition 
3.13) that this projective space is naturally identified with |npo|- There are several 
reasons for considering this alternative approach. First of all it works as well for 
singular curves as for smooth ones, so that the restrictions of the last section to 
smooth curves or to bundles concentrated away from the singularities of a singular 
curve can be removed. Also, this method works well for a family of elliptic curves, 
not just a single elliptic curve. Lastly, this approach has a natural generalization to 
all holomorphic principal bundles with structure group an arbitrary complex simple 
group G, something which so far is not clear for the spectral cover approach. The 
generalization to G-bundles is discussed in [8] . The disadvantange of the approach 
of this section is that it constructs some but not all of the families that the spectral 
cover approach gives. The reason is that from this point of view one cannot see 
directly the analogue of twisting by a general line bundle on the spectral cover to 
produce the general family of regular bundles. 

The main results of this section are as follows. In Theorem 3.2, we consider the 
set of relevant extensions and show that every such extension is a regular semistable 
bundle with trivial determinant. Conversely, every regular semistable bundle with 
trivial determinant arises as such an extension. In the construction of bundles of 
rank n over E we must choose an integer d with 1 < d < n. We show that construc- 
tions for different d are related to one another (Proposition 3.11 and Theorem 3.12). 
Next, we compare the extension moduli space, which is a P n_1 , to the coarse mod- 
uli space which is \npo\. We find a natural cohomological identification of these two 
projective spaces (Theorem 3.13) and check that it corresponds to the morphism 
$ of Section 1 (Proposition 3.16). Next we show how the universal bundles defined 
via the extension approach lead to the spectral covers of Section 2 (Theorem 3.21). 
In this way, we can both identify the universal bundles constructed here with those 
constructed via spectral covers (Theorem 3.23 and Corollary 3.24), and extend the 
spectral cover construction to the case of a singular E. 

Throughout this section, E denotes a Weierstrass cubic with origin p . 

3.1. The basic extensions. 

We begin by recalling a result, essentially due to Atiyah, which produces the 
basic bundles for our extensions: 

Lemma 3.1. For each d > 1, there is a stable bundle Wd of rank d on E whose 
determinant is isomorphic to Oe(po)- It is unique up to isomorphism. For every 
rank one torsion free sheaf A of degree zero, h (Wd <8> A) = 1 and h (Wd <8> A) = 0. 

Proof. We briefly outline the proof. An inductive construction of Wd is as follows: 
set W\ = Oe(po)- Assume inductively that Wd-i has been constructed and that 
h°(Wd-i) = 1. It then follows by Ricmann-Roch that h}(Wd-i) = 0, and thus that 
h^iWd-i) = 0' ^i^d-i) = 1- We then define Wd by taking the unique nonsplit 
extension 

-> O e -> W d -> W d - X -» 0. 
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By construction Wd has a filtration whose successive quotients, in increasing order, 
are Oe, ■ ■ ■ , Oe, Oe(po), an d such that all of the intermediate extensions are not 
split. It is the unique bundle with this property. An easy induction shows that Wd 
is stable. To see this, note that Wd is stable if and only if every proper subsheaf 
J of Wd has degree at most zero. But if J is a proper subsheaf of Wd of positive 
degree, then the image of J in Wd-i also has positive degree, and hence J — ► Wd-i 
is surjcctive. But since the rank of J is at most d — 1, the projection of J to 
Wd-i is an isomorphism. This says that Wd is a split extension of Wd-i by Oe, a 
contradiction. Thus Wd is stable. 

The uniqueness statement is clear in the case of rank one. Now assume induc- 
tively that we have showed that, for d < n, every stable bundle of rank d whose 
determinant is isomorphic to Oe(po) is isomorphic to Wd- Let W be a stable bundle 
of rank n such that det W = O e (po)- By stability, h x {W) = dimHom(T4^, O e ) = 0, 
and so h°(W) = 1. If Oe — > W is the map corresponding to a nonzero section, then 
by stability the cokernel Q is torsion free. An argument as in the proof that Wd is 
stable shows that Q is stable. If E is smooth, then Q is automatically locally free. 
When E is singular, Lemma 0.4 implies that W is locally isomorphic to Q © Oe- 
Thus, if W is locally free, then Q is locally free as well. Once we know that Q is 
locally free, we are done by induction. 

To see the final statement, first note that, since deg(W<2 <8> A) = 1, we have by 
definition that 

h°{W d ® X)-h 1 (W d ^ A) = 1. 
It will thus suffice to show that h x (Wd ® A) = 0. By Serre duality, 

h}(Wd ® A) =dimHom(W d (g)A,e> E ) = dimHom^, A v ). 

Since A v is also a rank one torsion free sheaf of degree zero, Hom(I4^, A v ) = by 
stability. □ 

Exercise. We have defined £ in the previous section as the rank n—1 vector bundle 
which is the kernel of the evaluation map H°(OE{npo)) ® Oe — > OE(npo)- Show 
that 

Now we are ready to see how extensions of the Wd can be used to make regular 
semistable bundles. 

Theorem 3.2. Let V be an extension of the form 

-> W^ -> V -> W n _ d -> 0. 

Then: 

(i) V has trivial determinant 

(ii) V is semistable if and only if the above extension is not split. In this case 
V is regular. 

(iii) Suppose that V is semistable, i.e. that the above extension is not split. Then 
dimHom(V,y) = n and Hom(V r , V) is an abelian C-algebra. Moreover, 
every homomorphism Wj — > V is of the form <f> o i, where <f> G Hom(V r , V) 
and l is the given inclusion W^ —>V. IfV and V are given as extensions 
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as above, then V and V' are isomorphic if and only if their extension classes 
in Ext 1 (W n -d, Wj ) are multiples of each other. 

(iv) If V is a regular semistable vector bundle of rank n > 1 with trivial deter- 
minant, then V can be written as an extension as above. 

(v) IfV is a nontrivial extension ofW n -d by , andad(V) is the sheaf of trace 
free endomorphisms of V , then H°(ad(V)) = Ker{ Hom(WQ / , W n -d) — ► 
H^HomiW^W^)) S C} and ff^a^V)) ~ Ext 1 (W n ^ d ,W^ )/££,, where 
£ is the extension class corresponding to V. 

Proof, (i) This is clear since det W d — det W n - d . 

(ii) If V is unstable, let W be the maximal destabilizing subsheaf. Then W is stable 
of positive degree and rank r for some r < n. Since Hom(W, W^) = 0, the induced 
map W — ► W n -d is nonzero. Now it is easy to see by the stability of W s that if 
there is a nonzero map W — ► W s , where has positive degree and rank r, then 
r > s, and every nonzero such map is surjective. (From this it follows in particular 
that, for r > s, Hom(W r , W s ) ~ Hom(W s , W s ) = C.) If r > n - d, the kernel of 
the map W — > W n ~ d is a subsheaf of degree at least zero of W% , and since W% is 
a stable bundle of degree —1, the kernel is zero. Hence W = W n -d, which means 
that the extension is split. Conversely, if the extension is split then V is unstable. 

Next we show that V is regular. Since W n - d is a stable bundle of degree 1, 
Kom(W n - d , A) = for every rank one torsion free sheaf A of degree zero. Moreover, 
with A as above, h°((W d ®\) = dim Horn (1KJ, A) = 1 by the last sentence in Lemma 
3.1. Thus dimHom(V, A) < 1 for every A of degree zero, so that, by (1.14), V is 
regular. 

(iii) Consider the exact sequence 

Hom(M/„_ d , W^) -» Hom(W„_ d , V) -» Hom(W„_ d , W n . d ) -» Ext\W n - d , W^). 

Note that Hom(W„_d, W/) = by stability. Since W n -d is stable, it is simple, 
and so Hom(W„_d, Wn-d) = C • Id. But the image of Id in Ext^WVd, W d v ) is the 
extension class. Since this class is nonzero, Hom(W„_d, V) — as well. 
Next consider the exact sequence 

= Hom(M/„_ d , V) - Hom(F, V) - Hom(M/ d v , V) - H\W^_ d ® V). 

Since Hom(W n _d, V) = 0, the map Hom(V, V) — > Hom(W^,V) is an injection. 
Moreover, we have a commutative diagram 

C-Id — ► Hom(y,y) — ► H°(ad(V)) — » 

Hom(VK d v , VK d v ) — ► Hom(VK d v ,t/) — ► Hom(Fy d v , W„_ d ) — > ^(F^R^, W d v )). 

Thus we see that H°(ad(V)) Kcr{ Hom(W d v , W„_ d ) -> H 1 {Hom{W d J ,W%)) 
C} and by duality iJ 1 (ad(F)) = Ext^Wn-d, W d v )/C£, where £ is the extension 
class corresponding to V. This proves (v). 

Let us assume that dim Hom( V, V) > n, which we have already checked in case E 
is smooth. (We will establish this for singular curves after proving Part (iv), as well 
as checking the fact that Hom(V, V) is abelian. These results are not used in the 
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proof of Part (iv) of the theorem.) If we can show that dimHon^IUj, V) = n, then 
Hom(V, V") — > Hom(W d , V) is an isomorphism, and in particular dimHom(V, V) — 
n as well. 

We compute the dimension of Hom(W ( ) / , V). Consider the exact sequence 

- Hom(W d v , W^) - Hom(^ v , V) - Hom(^ v , W n . d ) - J/^taflf;, W d v )) 

Since is stable, dimHom(W^, VFj) = 1. Next we claim that 

dimHom(W d v , W„_ d ) = h°{W d ® W n ^ d ) = n. 

Claim 3.3. If E is a Weierstrass cubic, then h°(Wd <8> W„_d) = n and h}{Wd ® 
W n ^ d ) = 0. Dually, h°(W% ® W^_ d ) = and h l {W>[ ® IU„ v _ d ) = n. 

Proof. If d = 1 , this follows from the exact sequence 

-> W„_i - W„_i ® O b (po) - (CpJ"- 1 - 0, 

together with the fact that /i 1 (W„_i) = by stability. The general case follows by 
induction on n, by tcnsoring the exact sequence 

O e -► W d -+ W d -i -» 

by^„- d . □ 

By Riemann-Roch, h 1 (Hom(W^[ , W%)) = 1. Thus by counting dimensions, to 
show that dimHom(WQ / , V) = n it will suffice to show that Hom(W^, W n -d) 
H 1 (Hom(Wj ,Wj)) is surjective. Equivalently we must show that the map from 
H^Homlw^ ,wf)) -» i? 1 ( J ffom(I^ d v ,y)) is 'zero. But this map is dual to the 
map Hom(V, W%) — ► Hom(HQ / , W^) = C • Id. A lifting of Id to a homomorphism 

V — > would split the exact sequence, contrary to assumption. This completes 
the proof of all of Part (iii) except for the last sentence. 

We turn to the last statement in Part (iii). If V is a split extension, then it is 
unstable and so V' is unstable and therefore a split extension as well. Thus we may 
suppose that V and V are nontrivial extensions of the given type and that tp: V — ► 

V is an isomorphism. Using ip to identify V and V' , suppose that we are given 
two inclusions /-i,t 2 : W d — * V such that both quotients are isomorphic to W n ~d- 
By the first part of (iii), there is an endomorphism A of V such that A o t\ = l 2 . 
Since W n -d is simple, the induced map on the quotient W n -d factors must be a 
multiple a 6 C of the identity. This multiple a cannot be zero, since otherwise A 
would define a splitting of the extension corresponding to t 2 . In particular, A is an 
automorphism of V. Furthermore, we see that the extension class for V' is a times 
the extension class for V. This completes the proof of (iii). 

To prove Part (iv) of the theorem, given a semistable V, we seek subbundles of 

V isomorphic to W d such that the quotient is isomorphic to W n -d- 

Lemma 3.4. Fix d > 0. For any r > and any line bundle A of degree zero there 
is a map 

- I r (A) 

whose image is not contained in a proper degree zero subsheaf of I r (X). Likewise, 
for any strongly indecomposable, degree zero, semistable bundle concentrated 
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at the singular point of a singular curve, there is a map W% — > I(J-) whose image 
is not contained in a proper degree zero subsheaf. 

Proof. We consider case of I r (X) first. It suffices by (1.8) to show that there is a 
map W% — > / r (A) whose image is not contained in F r —i = / r _i(A). Tcnsoring the 
exact sequence 

0-> J r _i(A) -»J r (A) -► A^O 
with Wd, we see that there is an exact sequence 

-► Hom(VK d v , J r -i(A)) -► Hom(VK d v , J r (A)) -» Hom(^ d v , A) -» 

By the last statement in (3.1), there is a nonzero element of Hom(W^, A), and by 
induction on r, H 1 (Wd <8> / r _i(A)) = 0. Thus there is a map — > / r (A) not in 
the image of a homomorphism into J r _i(A). 

Now let us consider the case of a strongly indecomposable bundle I (J 7 ). Since 
every semistable bundle concentrated at the singular point is filtered with associated 
gradeds isomorphic to T, we have a short exact sequence 

-> X -> J(JF) -> J" -» 0. 

Direct cohomology computations as above show that there is a map — ► ^(^) 
which has nontrivial image in the quotient JT. Clearly, the image of this map is 
not contained in X. But, by (1.11), every proper degree zero subsheaf of I(J-) is 
contained in X, proving the result in this case as well. □ 

We can generalize (3.4) to every regular semistable bundle V. 

Corollary 3.5. Let V be a regular semistable bundle and let d be a positive integer. 
Then there is a map — > V whose image is not contained in any proper degree 
zero subsheaf of V. 

Proof. This is immediate from the previous result and the fact that V decomposes 
uniquely as a direct sum @ - l Ti (A,) © I {J 7 ), where the A, are pairwise distinct line 
bundles of degree zero and 1(F) is a strongly indecomposable bundle concentrated 
at the node. Since the \ are pairwise distinct, any degree zero subsheaf of V is a 
direct sum of subsheaves of the factors. Thus, for each summand I Ti {K) or I(J-), 
choose a map to the corresponding summand whose image is not contained in 
any proper degree zero subbundle of the summand. The induced map of into 
the direct sum is as desired. □ 

Note that, if instead Aj = Xj for some i ^ j, then there would exist degree 
zero subsheaves of the direct sum which were not a direct sum of subsheaves of the 
summands, and in fact (3.5) always fails to hold in this case. 

Now let us show that the quotient of a map satisfying the conclusions of (3.5) is 
WW 

Proposition 3.6. Let V be a semistable regular bundle of rank n with trivial de- 
terminant and let i : -^V be a map whose image is not contained in any proper 
degree zero subsheaf of V . If the rank of V is strictly greater than d, then i is an 
inclusion and the quotient V/W^ is isomorphic to W n -d- Conversely, if i is the 
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inclusion ofW d in V so that the quotient V/W d is isomorphic to W n -d, then the 
image of i is not contained in a -proper subsheaf of degree zero. 

Proof. Let V have rank n > d + 1, and suppose that we have a map t: W d — > V 
whose image is not contained in a proper degree zero subsheaf of V. In particular, 
b is nontrivial. If i is not injective, then by the stability of W d , the image of i is a 
subsheaf of V of rank < d — 1 and degree > 0, and hence is a proper subsheaf of V 
of degree zero, contrary to assumption. Likewise, if the cokernel of i is not torsion 
free, then the image of i is contained in a proper subsheaf of V whose degree is 
strictly larger than —1, and thus the degree is at least zero. This again contradicts 
our assumption about the map and the fact that the rank of V is at least d + 1. 
Thus i is injective and its cokernel W is torsion free. Using (0.4), W is locally a 
direct summand of V, and thus W is locally free. It follows that W is a rank n — d 
vector bundle whose determinant is Oe(po)- 

To conclude that the quotient W is isomorphic to W n -d, it suffices to show that 
W is stable. If W is not stable, then there is a proper subsheaf U of W with degree 
at least one. Let U" C V be the preimage of U. The degree of U" is at least zero, 
and hence, by the semistablility of V is of degree zero. Clearly, U" contains the 
image of i. Hence by our hypothesis on t, U" = V, and consequently, U = W. This 
is a contradiction, so that W is stable. 

Finally we must show that, if V is written as an extension of W n -d by W d , 
then the subbundle W d cannot be contained in a proper subsheaf U of V of degree 
zero. If U is a such a subsheaf, then U /W^ would be a proper subsheaf of W n -d 
of degree at least one, contradicting the stability of W n -d- □ 

Corollary 3.5 and Proposition 3.6 show that any regular semistable bundle over 
E can be written as an extension of W n ~d by . This completes the proof of 
Part (iv). 

Now let us return to the point in the proof of (iii) where it is claimed that 
dimHom(V, V) > n for all V which are given as a nonsplit extension of Wd by 
W^_ d . In order to establish this result, we first describe the space of all such 
extensions, which is an immediate consequence of (3.3): 

Lemma 3.7. The space Ext 1 (W n -d, = H 1 (W^_ d ® W%) has dimension n, 

and thus the associated projective space is a P n_1 . □ 

By general properties, there is a universal extension U(cZ;n) over P^ _1 x£of 
the form 

-» 7r 2 *IT d v ® tt*cV-i(1) -» U(d;n) ^ v* 2 Wn-d 0, 

d 

with the restriction of U(d; n) restricted to any slice {x} x E being isomorphic the 
bundle V given by the line C • x C Ext 1 (W n -d, W d ). When n is clear from the 
context, we shall abbreviate U(d; n) by U(d). 

Next we claim that there is a nonempty open subset of P^ _1 such that for V 
a vector bundle corresponding to a point of this subset, dimHom(V, V) = n. In 
fact, suppose that V = 0™ = iAj, where the Aj are distinct line bundles of degree 
zero whose product is trivial. By Part (iv) of the theorem, V can be written as a 
nonsplit extension of Wd by W^_ d , and we have seen that dimHom(y, V) = n. A 
straightforward argument by counting dimensions shows that the set of such V is an 
open subset of P^ _1 ; indeed, we will identify this set more precisely in (3.17) below 
as corresponding to the set of all sections in \npo\ consisting of n smooth points on 
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E. Thus there is a nonempty open subset of bundles V such that dimHom(V, V) = 
n. By upper semicontinuity applied to the bundle Hom(U(d;n),U(d;n)) over 
P^p 1 x E, it follows that dimHom(V, V) > n for all bundles V corresponding to a 
point of P^" 1 . 

Finally, we must show that Hom(V, V) is abelian. Using the universal exten- 
sion U(d) as above, we can fit together the Hom(V, V) to a rank n vector bundle 
7Ti*i?om(U((i), U(d)), which is a coherent sheaf of algebras over P" -1 . Consider 
the map 

7n*i2"om(U(d),U(d)) ® 7ri*i2om(U(d), U(d)) -» n^Hom(U(d),V(d)) 

defined by (A, B) ^> AB — BA. Since Hom(V, V) is abelian for V in a Zariski 
open subset of P^ _1 , namely those V which are a direct sum of n distinct line 
bundles of degree zero, this map is identically zero. By base change, the fiber of 
■Ki*Hom(TJ(d), U(d)) at a point corresponding to V is Hom(V, V). Thus Hom(V, V) 
is abelian. □ 

The following was checked directly in Lemma 1.13 if E is smooth, but is by no 
means obvious in the singular case: 

Corollary 3.8. Let V be a regular semistable bundle of rank n over a Weierstrass 
cubic. Then: 

(i) Hom(V, V) is an abelian C-algebra of rank n. 

(ii) The dual bundle V v is a regular semistable bundle. 

(iii) For all rank one torsion free sheaves A of rank zero on E, dimHom(A, V) < 
1. 

Proof. The first part is immediate from Parts (iv) and (iii) of Theorem 3.2. (ii) 
is clear since if V is a nonsplit extension of W n -d by , then V v is a nonsplit 
extension of W d by W^_ d . (iii) follows from (ii), since T y = T and Hom(A, V) ^ 
Hom(l /V , A v ) for all rank one torsion free sheaves A. □ 

Question. For if V is a semistable bundle of degree zero whose support is concen- 
trated at a smooth point of E, then V is regular if and only if dimHom(V, V") = 
rankU. Does this continue to hold at the singular point of a singular curve? For 
V strongly indecomposable, what is the structure of the algebra Hom(V, V)l 

3.2. Relationship between the constructions for various d. 

For each d with 1 < d < n we have a family of regular semistable bundles 
parametrized by the projective space P^ --1 = P(Ext 1 (VF„_ £ ;, WQ 7 )), and given as a 
universal extension 

-> 7r£W d v ® 7rJOp»-i(l) -> U(d) -» 7r|W n _ d -> 0. 

In this section we shall identify the P^ 1 for the various d, although under this iden- 
tification the bundles U(d) are different for different d. Using the universal bundle 
U(d) and Theorem 1.5, there is a morphism P^ _1 — * \npo\, which is easily checked 
to be of degree one and thus an isomorphism. Thus all of the P^ -1 are identified 
with |npo| an d hence with each other, but we want to find a direct identification 
here so as to be able to compare universal bundles. 
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Lemma 3.9. Let d,n — d > 1. The natural injection 

® wl_ d - W^ +l ® w^_ d 

induces an injective map on H 1 . The image of this map on H 1 is the kernel of the 
map induced by the tensor products of the projections 

H\W^ +1 ® W„ v _ d ) - ^(Ob ® O b ) = ^(Ob). 

TTie extensions X of W n - d by W d+1 which are in the image of the above map are 
exactly the extensions X such that Hom(X, Oe) i= 0. 

Proof. We have a short exact sequence 

- W^ d ® W n v _ d - ^ d v +1 ® W n v _ d - Ob ® W„ v _ d - 0. 

By (3.3), all the H° terms vanish. Thus, the injectivity of the map on H 1 is 
immediate. Furthermore, the image is identified with the kernel of the map 

H\W^ d+l ® W:_ d ) - H\O e ® W n v _ d ). 

The last term is one-dimensional and the projection Oe ® W^_ d — ► Ob ® Ob 
induces an isomorphism on iJ 1 . 

Finally, a bundle X corresponds to an extension in the image of the map on 
ii^'s if and only if X is the pushout of an extension of W n -d by W d under the 
inclusion W d — ► W d+1 . Thus, if X is the image of an extension V, the quotient 
of the inclusion V — > X is Ob- Conversely, if there is a nontrivial map -X" — > Ob, 
then the induced map — > Ob is nonzero and thus surjective, and the kernel 

of X — > Ob is then an extension V of W n -d by such that X is the pushout of 
V. □ 

The symmetry of the situation with respect to the two factors leads immediately 
to the following. 

Corollary 3.10. If n — d > 2, then the natural inclusions of bundles induce the 
maps 

H\W% ® W^_ d ) - H\W^ +1 ® W^_ d ) 

and 

H\W% +1 ® W:_ d _,) - ^(^ v +1 ® ^„ v _ d ) 

which are injections with the same images. In particular, this produces a nat- 
ural identification of 'Ext 1 (W n - d ,W d ) with Ext 1 (W„_d_i, W% +1 ), and hence of 
the projective spaces F^ _1 — F^+i • Finally, an extension X of W n -d by W d+l 
is obtained from an extension V of W n -d-i by W d+1 via pullback if and only if 
Uom(X, O e ) + 0. □ 

Now let us see how the bundles described by extensions which are identified 
under this isomorphism are related. 
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Proposition 3.11. Let e d 6 Ext^Wn-d, Wj) and e d+1 g Ext^Wn-d-i, W/ +1 ) 
oe nonzero classes that correspond under the identification given in Corollary 3.10. 
Lef V and V, respectively, be the total spaces of these extensions. Then V and V 
are isomorphic bundles. 

Proof. Let X be the bundle of rank n + 1 obtained by pushing out the extension 

V by the map W% — > W^ +1 . Clearly, we have a short exact sequence 

Similarly, let X' be the rank n + 1-bundle obtained by pulling back the extension 

V along the map W n -d — » W n -d-i- Dually, we have an exact sequence 

-» Ob -> X' -> V" -> 0. 

It follows easily from Theorem 3.2 that writing V = Y © I r {0 E ) with H°(Y) = 0, 
we have X = Y © 7 r+ i(0 B ). Similarly, writing V = F' © I s (O e ) we have A" ~ 
F'©/ S+1 (C> B ). 

The fact that ed and e^+i are identified means that the extensions for X and X' 
are isomorphic. In particular, X and A"' are isomorphic bundles. This implies that 
r = s and that Y and Y' are isomorphic. But then V and V' are isomorphic as 
well. □ 

Notice that the isomorphism produced by the previous result is canonical on 

V C V but is not canonical on the I r (0 E ) factor. We shall see later that the 
families of bundles U(d) and U(d+ 1) are not isomorphic, which means that there 
cannot be a canonical isomorphism in general between corresponding bundles. In 
practice, this means the following: suppose that V is given as an extension of W n -d 
by Wj, with n — d > 1. Then W n ~d has the distinguished subbundle isomorphic 
to Oe- Let W be the preimage in V of this bundle, so that W' is an extension of 
O e by W^. Then W S W^ +1 if and only if h°{V) = 0, if and only if the support 
of V docs not contain O e , but otherwise W = W% © O e . 

The direct comparison of the extension classes given above leads to a comparison 
of universal bundles. 

Theorem 3.12. Let H be the divisor in P^ _1 such that, if x g H and V is the 

corresponding extension, then h°(V) = 1. Let i: H — > P^ -1 oe i/ie inclusion. Then 
there is an exact sequence 

- U(d - 1) - U(d) -» (t x Id), O ff xB (l) - 0, 

which expresses U(d — l;n) as an elementary modification ofU(d;n). Moreover, 
this elementary modification is unique in an appropriate sense. 

Proof. Let H' be the hyperplane in PJJ corresponding to the set of extensions X of 
W n -d+i by such that Hom(A", Oe) ^ 0- By the last statements of (3.9) and 
(3.10), H 1 is the image of P^~ in PjJ as well as the image of P^+i ■ By base change, 
TTi*Hom(TJ(d;n + l)\H' x E,Oh'xe) is a line bundle on H' . By looking at the 
exact sequence 

-» ffom(7r 2 *W„_d+i,Opn xJ! ) -» i/om(U(d;n + l)|iJ' x £, O r n xE ) -> 
-> 77om(7r^ d v ® <<3p»(1), P j xB ) - 0, 
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and restricting to H' x E, we see that this line bundle is Oh'xe{— 1)- Thus there 
is a surjection 

V(d;n + 1)\H' xE^Oh>xe(1). 

We claim that the kernel of this surjection is identified with JJ(d — 1; n). In fact, 
if U' denotes the kernel, we have a commutative diagram with exact rows and 
columns 







> n%WV_ 1 ®0 H >Ml) 



** 2 Wd ®Oh'xe(1) 



Oh'xeO-) 











U' 



d+1 



U(d;n + 1)\H' x E > ^Wn-d+i ► 



O h >xe(1) 







and tracing through the diagram identifies U' with JJ(d — l;n), compatibly with 
the identification of H' with P™ -1 . 

Now we can also consider the line bundle 7Ti*(U(d; n+l)\H' x E). A very similar 
argument shows that this line bundle is isomorphic to Oh 1 , and that the quotient 
U" of U(d;n + l)\H' x E via the natural map 

Owxe = 7r*7ri.(U(d; n + 1)\H' x E) -» U(d; n+l)|5'xB 

is isomorphic to U(d;n). Putting these two constructions together, we see that we 
have found 

U(d - l;n) -» U(d; n+l)|ff'x_B^ U(d; n). 

Away from which is the image of PJJ -2 in P^ _1 , the inclusion U(d — l;n) — ► 
U(d; n) is an equality. To summarize, then, there is a commutative diagram 



Oh'x i 



U(d- l;n) 

I 

► CVxb ► U(rf;n + l)|i?'x£ 



Off'xB(l) 



U(d- l;n) 
U(d;n) > 
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The map Oh'xe —* Oh'xe(1) can only vanish along H. Thus it vanishes exactly 
along H, and the quotient of U(rf; n) by U(d — 1; n) is a line bundle supported on 
H x E. By what we showed above for U(d;n + 1), this line bundle is necessarily 
Ohxe(1)- Hence we have found an exact sequence 

-» U(d - l;n) -» U(d; n)-»(ix Id).O ffxB (l) -» 0, 

realizing U(d — l;n) as an elementary modification of U(d;n). The uniqueness 
is straightforward and left to the reader. This completes the proof of Theorem 
3.12. □ 

3.3. Comparison of coarse moduli spaces. 

We have succeeded in identifying the P^ -1 for the various d, 1 < d < n, in a 
purely cohomological way and in showing that extension classes in different groups 
which are identified produce isomorphic vector bundles. Next we wish to identify 
these projective spaces with the projective space |npo| which is the parameter space 
of regular semistable rank n bundles with trivial determinant in the spectral cover 
construction of these bundles. Of course, the existence of the bundle X3(d) and 
Theorem 1.5 give us one such identification. However, although we shall not need 
this in what follows, we want to find a direct cohomological comparison between 
Ext (W n -d,Wj) and H v ' \0 E (n P o)) • We have two identifications: one purely co- 
homological and the other using the bundles to identify the spaces. We shall show 
that these identifications agree. 

Let us begin with the purely cohomological identification. (We will be pedantic 
here about identifying various one-dimensional vector spaces with C in order to 
carry out the discussion in families in the next section.) 

Proposition 3.13. Let H® l _ l = H a (0 E (po) ® W n _i). It is an n-dimensional 
vector space. Let D = ^{Oe) be the dualizing line. Let 

I: H\O e {-Po) ® W„ v _!) - H (0 E (n P o)) ® detO^)" 1 ® D 
be the composition 

n-1 

H\0 E {-po) ® W^) ^ (H^y ® D A /\ det^.i)" 1 ® D - 

g^M^d H o {det{OE{po) g, Wn _ i)} det^.i)" 1 ® D 

= H°(O E (n P0 )) ® detO^)" 1 ® D, 

where S is Serre duality, A is the map induced by taking adjoints from the natural 
pairing 

n-1 

H° n -i ® A H n-i - det(ff°-i), 

ev is the map 

n—l 7i—l 

ev. f\ H°(O E (p ) ® W n -!) -> /\ (O b (po) ® W„_i)). 
T/ien / is an isomorphism. 

Proof. On general principles 5 is an isomorphism. Since H^_ 1 is n-dimensional, 
the adjoint map A is clearly an isomorphism. What is less obvious that the map 
ev is an isomorphism, which follows from the next claim. 



VECTOR BUNDLES OVER ELLIPTIC FIBRATIONS 



39 



Claim 3.14. The evaluation map 



ev: f\ H (0 E (po) ® W n -x) -> H°( f\ (O E (p ) ® W„_i)) 
zs an isomorphism. 

Proof. We prove this by induction. The case n = 2 is clear since ew is the identity. 
Assume the result for n — 1 > 2. There is a short exact sequence 

(*) B (po) -» Oij(po) ® VK„_: O b (po) ® W„_ 2 -» 

leading to a short exact sequence 

-> fl°(0 B (po)) -> H°(O E (p ) ® W„_i) - H°(O E ( P0 ) ® W„_ 2 ) - 0, 

since by (3.3) the if 1 terms vanish. Since the first term has dimension one, we have 
a short exact sequence 

n — 2 7i—l ro — 1 

- tf°(<Mpo)) ® A - A H n-1 - A ^-2 "> - 

Taking determinants in (*) yields an isomorphism 

n—l 7i — 2 

A (Ob(po) ® Wn-i) = E ( Pa ) ® /\ (O £ (po) ® W„- 2 ). 

Tensoring the inclusion 0£ — > 0e(po) with f\ n ~ 2 (0 E (po) ® W„_2) and using the 
above isomorphism leads to a short exact sequence 

n — 2 n—l n—l 

Unraveling the definitions one sees that the map ev induces a commutative diagram, 
with exact columns, 





H°(O E (p ))®A n - 2 H°_ 2 
I 

A"" 1 K-i 



n-2 



ff°(0 £ (po)) ® H°(/\ n - 2 (O E (p ) ® W n _ 2 )) 

I 

ff°(A" _1 (^(P0)®^n-l)) 

I 



o o, 

and that the restriction of ev to the first term is simply the tensor product of the 
identity on H (0 E (jpoj) and the evaluation map, with n — 2 replacing n — l. By 
induction, the top horizontal map is an isomorphism. 

To finish the proof of (3.14), and thus of (3.13), it suffices by the 5-lemma to 
show that e is an isomorphism. Now e is the (n — l)-fold wedge product of a map 

e:H°(O E (p ) ® W„_ 2 ) - {O E (p ) ® W„_i)| Po 

defined as follows. For any section ip of 0_e(po) ® W n -2, lift to a section -0 of 
Cb(po) ® W n -i, and then restrict r/i to po- Thus, it suffices to prove: 
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Claim 3.15. The map e described above is an isomorphism. 

Proof. First notice that if tp and tp' are lifts of ip to sections of E (po)®W n -i, then 
they differ by a section of Oe(po) C Oe(po) <8> W n -i- But any section of (D E (po) 
vanishes at p a so that tp and tp' have the same restriction to p a . This shows that e 
is well-defined. From the diagram 





I 

> B (p o ) ► Ob(po)®VF„_i ► B (po)®W n _ 2 ► 0, 



Ob(po)®W„_i| 





the fact that all the ff 1 terms vanish, and the fact that both H°(Oe{po)) an d 
are one dimensional, the claim comes down to the statement that the 
images in H°(0 E (po) ® W„_i) of if°(e> s (p )) and of # (W n _i) are equal. But we 
also have a commutative square 

O e > O e ® VF„_i 

I I 

Ob(Po) ► Ofi(Po)®Wn-l 

with the top arrow and the left arrow inducing isomorphisms on H°. Claim 3.14 
and hence (3.13) now follow. □ 

Proposition 3.13 and Corollary 3.10 have produced cohomological isomorphisms 
between the extension groups Ext 1 (VF„_d, VFj) and H°(Oe(tipo)). On the other 
hand, as remarked previously, from the existence of the bundle U(d) — > F^ _1 x E, 
Theorem 1.5 produces isomorphisms 

SdiPT 1 - |npo| 

sending x G P^ -1 to the point C(V^), where V is the the extension determined 
by the point x. By Proposition 3.11 the identification of P^ -1 with P^+i given in 
Corollary 3.10 identifies $<j with Still, it remains to compare the map <&i 

with the projectivization of the map produced by Proposition 3.13. 

Proposition 3.16. The map $i:P™ _ — > |np | is the projectivization of the iden- 
tification 

I: H\O E (-p ) ® W^) - ff°(0 £ (np o )) ® M, 
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where M is the line det(H°(OE(po) €5 Wn-i))" 1 ® D. In other words, if V is a 
nontrivial extension corresponding to a G Ext (W„_i, Oe(— Pa)), then the point 
((V) G \npo\ corresponds to the line 

C-I(a) C H°{O E {np ))®M. 

In particular, $1 is an isomorphism, and hence so is $<j for every 1 < d < n. 

Proof. Let I: P" _1 — > |npo| be the projectivization of /. We begin by determining 
when a line bundle A of degree zero is in the support of V. 

Claim 3.17. Let V be given by an extension class a G H 1 {Oe{— Po) <8> W^-i)- 
Then Hom(V,A) 7^ if and only if the image of a in H 1 (X(^W^_ 1 ) under the map 
induced by the inclusion Oe(-Po) —* A is zero. 

Proof. There is a nonzero map O e (— Po) — ► A, and it is unique up to a scalar. Let 

V be the pushout of the extension V by the map O e (— Po) — > A. Then the pushout 
extension is trivial, i.e. the image of a in H 1 (X ® W^-i) is zero, if and only if there 
is a map V' — > A splitting the inclusion of A into V . Such a map is equivalent to 
a map V — > A so that the composition Oe{— Po) — > V — > A is the inclusion. By 
(3.6), if V has a nontrivial map to A, then this map restricts to Oe(— Po) to be the 
inclusion (since otherwise the image of Oe(~Po) would be contained in a proper 
subbundle of degree zero). Thus, there is such a map if and only if the A component 
of V is nonzero, which is equivalent to the existence of a nonzero map V — > A. □ 

Claim 3.18. Suppose that A = E (q — Po) for some q G E. Let V be given by an 
extension class a G H 1 {Oe{— Po) ® W^_i)- Then A is in the support of V if and 
only if q is in the support of 1(a) G |npo|- 

Proof. Applying Scrrc duality S and the adjoint map A to the previous claim, and 
tracing through the identifications, we see that A = OE(q-po) is in the support of 

V if and only if the corresponding map 

n — 1 n — 1 

f\ H°_, ® L - /\ (O e (p) (8) W n _i ® 

vanishes, if and only if the section giving 1(a) in det(0£(p o ) ® W n _i) ® i vanishes 
at q, if and only if q is in the support of 1(a). □ 

Now we can prove Proposition 3.16. We have two maps /, the projectivization 
of the linear map /, and $1, mapping P" _1 — > |npo|- We wish to show I and $1 
are equal. We know that / is an isomorphism. Thus, it suffices to show that, for an 
open dense subset U of \npo\, $i(x) = I(x) for all x G <f>i (U). Choose U to be the 
open subset of divisors in \npo\ whose support is n distinct smooth points of E. Let 
x = '}2 i e, G U. The extension determined by a = (x) is a semistable bundle 

V which is written as @^ Aj for n distinct line bundles A,, where Aj = OE(ei —po)- 
According to Claim 3.18, 1(a) contains ej, 1 < i < n in its support, and hence 
To $^ x (a;) = x. This completes the proof of Proposition 3.16. □ 

3.4- From universal bundles to spectral covers. 

We now take another look at the spectral cover construction, and generalize it 
to singular curves. Fix an integer d, 1 < d < n — 1, and consider the sheaf 
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A = iri*Hom(U(d), XJ(d)). It is a locally free rank n sheaf of commutative algebras 
over P™ -1 , and in case E is smooth we have identified this sheaf with v*Ot in 
(2.4). (There is nothing special about taking U(d); we could replace U(cf) by any 
"universal" bundle, once we know how to construct one.) We propose to reverse 
this procedure: starting with A, define T to be the corresponding space Spec A. 
In particular, this gives a definition of T in case E is singular. 

Lemma 3.19. Let E be a Weierstrass cubic. With T as defined above, there is a 
finite flat morphism v:T^> P™ -1 . Moreover, T is reduced. 

Proof. By construction, there is a finite morphism v: T — > P" _1 . In fact, since A 
is locally free, T is flat over P" -1 of degree n. 

The fact that T is reduced follows from the fact that P™ _1 is reduced and that T 
is generically reduced, and as such is a general fact concerning finite flat morphisms. 
Cover P™ -1 by affine open sets Speci? such that ^ _1 (Speci?) = Speci?', where R' 
is a free rank n i?-module. It will suffice to show that R' is reduced for every such 
R. If / S R', then / does not vanish on a Zariski open set, since R! is locally free 
and R is reduced. Thus the restriction of / to a general fiber of u, consisting of n 
distinct (reduced) points, is nonzero. It follows that f k ^ for every k > 0. Thus 
R' is reduced, and so T is reduced. □ 

In case E is smooth, Theorem 2.4 shows that the T defined above is the same 
as the spectral cover T defined in Section 2, although even in this case it will be 
useful to define T as we have above in order to compare U(e?) with the bundles U a . 

The points of T are by definition in one-to-one correspondence with pairs (V, m), 
where V is a regular semistable bundle with trivial determinant and m is a maximal 
ideal in Hom(V, V). Let us describe such maximal ideals: 

Lemma 3.20. If V is a regular semistable bundle of rank n, then the maximal 
ideals m of Hom(V, V) are in one-to-one correspondence with nonzero homomor- 
phisms p: V — > A mod scalars, where X is a torsion free rank one sheaf of degree 
zero. The correspondence is as follows: given p, we set 



and given a maximal ideal m, we define A = V/m ■ V and take p to be the obvious 



and it will clearly suffice to consider the case where V is either / n (Aj) or I (J 7 ). For 
simplicity, we assume that V = Thus there is a unique p mod scalars by defi- 

nition. If we set m = { A e Hom(V, V) : poA = }, then m is an ideal of Hom(V, V). 
In fact, there is an induced homomorphism Hom(y, V") — ► Hom(JT, T) = H (O^) = 
C, and m is the kernel of this homomorphism. Thus m is a maximal ideal. 

Next we claim that m is the unique maximal ideal in Hom(V r , V). It suffices to 
show that m contains every non-invertible element of Hom(V r , V). If .A € Hom(y, V) 
is not invcrtiblc, then ImA is a proper torsion free subsheaf of V of rank smaller 



m = { A e Hom(y, V) : p o A = }, 



projection. 



Proof. If V = (0^ / n (Aj)) 8 I (J 7 ), then Uom(V, V) is a direct sum 
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than n and degree at least zero. It follows that deglm A = 0. But then, by Lemma 
1.11, Im A C Ker p. It follows that p o A = 0, so that by definition A e m. Thus m 
is the unique maximal ideal of Hom(V, V). 

Finally we claim that V/m ■ V = T. By definition, the surjection p: V — > T 
factors through the quotient V/m ■ V, so that m • V C Ker p. Choosing a basis 
Ax, ■ ■ ■ , A„_i for m, we see that m • V is of the form Ai(V) + • • • + A n _i(V), and 
thus it is a subsheaf of V of degree at least zero. Hence it has degree exactly zero, 
and thus it is filtered by subsheaves whose quotients are isomorphic to T. If m ■ V 
has rank r, it follows by Lemma 1.14 that dimHom(V, m • V) < r. But clearly 
Hom(y, V") = Hom(V,m • V) CId, and since dimHom(V, V) = n, we must have 
r = n — 1. Since both m • V and Kerp have degree zero and rank n — 1, and 
m • V C Ker p, m • V = Kcr p. Thus V/m - V = T. □ 

Next, given the spectral cover T, by construction XJ(d) is a module over Ot = 
Tii^H om(XJ '(d) , XJ(d)), and thus U(<i) corresponds to a coherent sheaf Cd over TxE. 
By construction, [v x Id)*£,j = U(rf). In case is smooth, or more generally in 
case (V, m) is a point of T such that the support of V does not contain the singular 
point of E, then it is easy to check directly that Cd is a line bundle near (V, m) x E. 

We can now summarize our description of T as follows: 

Theorem 3.21. There is an isomorphism (v, r) of T onto the incidence cor- 
respondence in \np \ x E with the following property: Let A be the diagonal 
in E x E, with ideal sheaf Ja > an d ^ be the sheaf on E x E defined by 
Hom(lA ^ExE(—E x {po})- Then there exists a line bundle M on T such that 
C d = (rx \d)*V ^-KtM. 

Proof. We have shown in (0.3) that Vq is fiat over the first factor in the product E x 
E and identifies the first factor with J(E), the compactificd generalized Jacobian of 
E. Let T' be the incidence correspondence in \np \ x E. Note that T" is irreducible; 
in fact, projection onto the second factor makes T' a P n ~ 2 -bundle over E, namely 
T" = P£ as in Section 2. We will first find a morphism from T" to T which is 
a bijection as a set-valued function. Let v':T' — > P n_1 and r' : T" — > £ be the 
projections to the first and second factors. 

By construction, for a point (x, e) e X", if V is the vector bundle over E corre- 
sponding to x and A is the rank one torsion free sheaf of degree zero corresponding to 
e, dimHom(V, A) = 1. Thus, by base change, with tt\ : T' x E — > T" the projection, 

7Ti* [(V x Id)*U(rf) v ® (r 1 x Id)*P ] = M 

is a line bundle on T. After replacing (r' x Id)*V by (r' x Id)*"P O = 
we can assume that there is a surjection 

p: (z/ x Id)*U(d) -» P'. 

On every fiber, the homomorphism V — > A is preserved up to scalars by every 
endomorphism of V. Thus, there is an induced homomorphism 

■K lic Hom{{v' x Id)*U(d), (v' x Id)*U(d)) m*Hom(P', V). 

Now by the flatness of Vo, it is easy to check that Hom(V' ,V) is flat over T' 
and that the natural multiplication map Ot> — ► TTi*Hom(V' , V) is an isomor- 
phism. By base change, the first term m*Hom((i>' x Id)*U(rf), (V x Id)*U(rf)) 



44 ROBERT FRIEDMAN, JOHN W. MORGAN AND EDWARD WITTEN 

in the above homomorphism is the pullback to T' of the sheaf of algebras A = 
7Ti*J?om(U(d), U(d)) over P™ -1 , and hence it is just the structure sheaf 0t'x p „_iT 
of the fiber product T" x P „-i T. The homomorphism 0t'x p „_ 1 t — * Ot> corre- 
sponds to a morphism T" — > T' Xpn-i T, which is a section of the natural projection 
T'xpn-iT — > T'. Such a section is the same thing as a morphism T" — > T (covering 
the given maps to P™ -1 ). On the level of points, this morphism is as follows: take 
an element D in |npo| an d a point e in the support of D. Pass to the correspond- 
ing vector bundle V and the morphism V — > A, where A is the rank one degree 
zero torsion free sheaf corresponding to e, and then set m to be the maximal ideal 
corresponding to V — > A. It is then clear that T" — ► T, as constructed above, is a 
bijection of sets. In particular, T is irreducible. 

Now we want to construct a morphism which is the inverse of the morphism 
T" — > T. It suffices to find the morphism r:T^E. Viewing E as isomorphic to 
the compactified generalized Jacobian of E, we can find such a morphism once we 
know that the sheaf Cd is flat over E: 

Lemma 3.22. The sheaf d is flat over T. If t E T corresponds to the the pair 
(V,m), and A is the rank one torsion free sheaf of degree zero given by V/m ■ V, 
then the restriction of Cd to the slice {t} x E is X. Thus Cd is a flat family of rank 
one torsion free sheaves on T x E. 

Proof. First let us show that, in the above notation, the restriction of Cd to the 
slice {t} x E is A. In fact, suppose that t corresponds to the pair (V, m) and view 
V as a rank one module over Hom(V, V). Then the restriction of V to {t} x E is 
given by V/m ■ V = A. Now the Hilbert polynomial P\{n) — \{E; A ® OE{npo)) is 
independent of the choice of A. As we have proved above, T is irreducible since it is 
the image of T", and thus, since it is reduced, it is integral. The proof of Theorem 
9.9 on p. 261 of [10] then shows that Cd is flat over T. The last statement is then 
clear. □ 

By (0.3), as Cd is flat over T, it defines a morphism r:T^E (viewing E as 
J(E)). Thus we also have the product morphism (v,r): T — > P™ _1 x E, whose 
image is T'. Clearly, on the level of sets, the morphism T — > T" is the inverse of 
the morphism T" — > T constructed above. Since both T and T' are reduced, in 
fact the two maps are inverses as morphisms. By the functorial properties of the 
compactified Jacobian (0.3), Cd = (rx Id)*'P<X>7r 1 M. This then concludes the proof 
of (3.21). □ 

We have now lined up the spectral covers, and proceed to identify the bundles 
U(d) in terms of T. It suffices to identify the bundle 7r^M in (3.21). We do this 
first for d = 1. In order to do so, we first make the following preliminary remarks. 
Let O t xb(A) denote the rank one torsion free sheaf (r x Id)* Hom(lA ,O exe)- 
Suppose that C is any flat family of rank one torsion free sheaves onTxE such that 
there exists an injection Otxe — ► C, with the cokernel exactly supported along A 
and with multiplicity one at a nonempty Zariski open subset of the smooth points. 
We claim that in this case C — Otxb(A). First, the universal property of the 
compactified Jacobian implies that C — (ax ld)*Hom(I\ , Oexe) ®ir*M for some 
morphism a: T —> E and line bundle N on T. By hypothesis, a = r on a Zariski 
open dense subset of T, and thus everywhere. Next, since Ot — ► 7Ti»0tx-e(A) is 
an isomorphism, H°(N) = i? (7ri*O T xB(A) <g> N) = H°(C), and every section of C 
is given by multiplying the natural section of Otx_e(A) by a section s of N. In this 
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case, the cokernel is supported at A U 7rf (D), where D is the divisor of zeroes of 
s. Thus, if the support of the cokernel is A, then N must have a nowhere vanishing 
section, and so is trivial. We may thus conclude that C = Otxb(A). 

Theorem 3.23. U(l) = (y x Id)*C T xs(A - G) ® 7r*0 P „-i (1). 

Proof. An equivalent formulation is: 

{y x Id)„0 TxS (A) = U(l) <8> n* 2 O E (p ) ® TrfOpn-i (-1). 

We will find a section of the torsion free rank one sheaf C on T x E corresponding 
to U(l) <8> 7T20e(j>o) ® nlO r n-i(— 1) which vanishes to order one along A. By the 
remarks before the proof, this will imply that C = Otx_e(A). Now there is an 
inclusion 

Opn-l xE -» U(l) ® ^ 2 *0 B (PO) ® TTjOpn-l (-1) 

whose cokernel is 7r|(£> B (p ) ® W n _i) <8> TrJOpn-i (-1). Thus h°(C) = /i°(U(l) <g> 
7rJO£;(po) €5 7r*(!)pn-i(— 1)) = 1. To see where the unique section of C vanishes, fix 
a point x e p™- 1 corresponding to a regular semistable V, and consider where 
the corresponding section of V ® Ob(po) vanishes. This section arises from a 
homomorphism 0b(— po) - * V' constructed in (3.4) and (3.5). For example, if 

V = ®j C^(ei — po) ; then, up to the action of (C*)™, the map is the direct sum 
of the natural inclusions Oe{— Po) E {ei —po)- At each fiber {(V, ej)} x E of 
T x E lying over {V}, the section therefore vanishes simply at ((V,ej),ej). For a 
general point £ = (V, m) of T, the restriction of the section of C to the fiber {£} x E 
vanishes at the point of E where the corresponding section of the composite map 

Oe(-Po) -» V -► V/m • V = A 

vanishes. By the construction of (3.4), the composite map O e {— po) — > — > A is 
not identically zero, and hence vanishes exactly at the point e of E corresponding 
to A. Thus the section of C vanishes exactly along A, with multiplicity one on a 
Zariski open and dense subset, proving (3.23). □ 

Corollary 3.24. Suppose that E is smooth. For all d G Z with 1 < d < n — 1, 
U((0 = I/i-d®7rfOp»-i(l)- 

Proof. This follows by writing both sides as successive elementary modifications of 
U(l), rcsp. U ® n$0 P n-i(l), and applying (3.23). □ 

3.5. The general spectral cover construction. 

For every Weierstrass cubic E, we have now constructed a finite cover T — ► P™ _1 
and a torsion free rank one sheaf Co — Ctx_e(A) (8) 71-3 0_e(— Po)- The proof of 
Theorem 2.4 goes over word-for-word to show: 

Theorem 3.25. Let E be a Weierstrass cubic and let U' be a rank n vector bundle 
over \npo\ x E with the following property. For each x C \npo\ the restriction of 

V to {x} x E is isomorphic to the restriction of Uo to {x} x E. Then V = 
(u x Id)* [Otx£;(A — G) <8> q{L} for a unique line bundle L onT. □ 

We may define U a and, for a smooth point e G E, U a [e] exactly as in Definition 

2.6, and the proof of Lemma 2.7 shows that U a is an elementary modification of 
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U a -i, and similarly for ?7 [e]. Since PicT = r*PicE © Z, every bundle U' as 
described in Theorem 3.25 is of the form U a \e] <S> O r n-i(b) for integers a, b and a 
smooth point e E E. 

Question. In case E is singular, T is singular as well. Is there an analogue of 
twisting by Weil divisors on T which are not Cartier, which produces bundles which 
are not regular, or perhaps sheaves which are not locally free, over points of P™ _1 
corresponding to the singular points of T? See Section 6 for a related construction 
in the smooth case. 

The following is proved as in the proof of Theorem 2.8. 

Theorem 3.26. Let E be a Weierstrass cubic and let S be a scheme or analytic 
space. Suppose that U — > SxE is a rank n holomorphic vector bundle whose restric- 
tion to each slice {s} x E is a regular semistable bundle with trivial determinant. 
Let $: S — > \npo\ be the morphism constructed in Theorem 1.5. Let i>s'- S — > S be 
the pullback via $ of the spectral covering T — ► |npo| ; 

S = S x | npo T, 

and let 4>: S — > T be the map covering Let q\ \ S x E — > S be the projection onto 
the first factor. Then there is a line bundle M — > S and an isomorphism ofU with 

{u s x Id), (($ x Id)*((IW(A - G)) (g) q\M) . □ 
3.6. Chern classes. 

Theorem 3.27. For all d with 1 < d < n — 1, the total Chern class and the Chern 
character of\J(d) are given by: 

c(U(d)) = (l + h + n*[p Q })(l + h) d - 1 ; 
chV(d) = (d- ir* 2 [p ])e h + {n-d) + \p }. 

Thus c(U ) = (1 - h + n*[p a ] • ft)(l - h) n - 2 and chU a = ne-' 1 + (1 - 7r^[p ])(l - 
e- h ). □ 

Proof. In if -theory, W<j is the same as the direct sum of d — 1 trivial bundles and 
the line bundle Oe(po)- Thus 

C (U(d)) = (1 - 7T 2 *[p ] + + ^^'(l + ^N) 

= (l + / l + 7T*[p ])(l + M d - 1 , 

and 

chU(d) = 7T* ch(I47 d V ) • 7T* Ch(0p„-1 (1)) + 7T* ch VK„_ d 

= (d - 1 + TT* 2 e-^)e h + (n - d - 1 + 7r*e[ po l) 
= (d- 7 r^[po])e /t + (n-d) + [po], 

since e _ [ po l = 1 — [po] and similarly for e[ p °l. The formulas for c(£7o) and chJ7 then 
follow from (3.23). □ 
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4. A relative moduli space for elliptic flbrations. 

Our goal in this section is to do the constructions of the last three sections in 
the relative setting of a family tt : Z — > B of elliptic curves (possibly with singular 
fibers), in order to produce families of bundles whose restriction to every fiber of tt is 
regular semistable and with trivial determinant. First we identify the relative coarse 
moduli space as a projective bundle over Z. The extension picture generalizes in a 
straightforward way to give n~\ "universal" bundles U(d), 1 < d < n— 1, and they 
are related via elementary modifications. Using these bundles, we can generalize 
the spectral covers picture as well. Finally, we compute the Chern classes of the 
universal bundles. 

Let tt: Z — > B be an elliptic fibration with a section a. Following the notational 
conventions of the introduction, we shall always let L^ 1 = R 1 ir t Oz 1 which we can 
also identify with the normal bundle Oz(o~)\a. 

4-1. A relative coarse moduli space. 

Our first task is to find a relative version of \np \ for a single elliptic curve. 
The relative version of the vector space H°(E; Oe(tiPo)) is just the rank n vector 
bundle n^Oz(na) = V„, and the relative moduli space will then be the associated 
projective bundle. From the exact sequence 

-» O z ((n - 1)ct) -» O z (na) -» Tr*L~ n \a -> 0, 

we obtain for n > 2 an exact sequence 

- V„_i -» V„ - L~ n - 0. 

(For n = 1 the corresponding sequence identifies tt*Oz(<j) with and shows that 
there is an isomorphism Oz{o~)\cr — ► R 1 ir*Oz = L 1 ) Thus V n is naturally filtered 
by subbundles such that the successive quotients are decreasing powers of L. The 
following well-known lemma shows that this filtration is split: 

Lemma 4.1. ir„Oz(p) = Ob, and, for n > 2, 

ir*O z (no-) = V„ = O b © L~ 2 © • • • L~ n . 

Proof. Since h°(E;OE(npa)) — n for all the fibers / of tt, it follows from base 
change that 7r^Oz(na) is a vector bundle of rank n. Furthermore, the local sections 
of this bundle over an open subset U C B are simply the meromorphic functions on 
7r _1 (C7) which have poles of order at most n along a fl U. For U sufficiently small, 
there are functions X with a pole of order 2 along a and Y with a pole of order 3. 
Moreover, if we require that X and Y satisfy a Weierstrass equation, then X and 
Y are unique up to nowhere vanishing functions in U and transform as sections of 
L~ 2 , L~ 3 respectively. We can also use the defining equation of Z to write Y 2 as a 
cubic polynomial in X. Now every section of TT*Oz{ncr) can be written uniquely as 

(a + Ci X X + ■■■ + a k X k ) + Y(j3 + faX + ■ ■ ■ + faX 1 ) 

where the at are holomorphic sections of L~ 21 and the (3j are holomorphic sections 
of L~ 2j ~ 3 and 2k < n and 21 + 3 < n. The cti,(3j determine the isomorphism 
claimed in the statement of the lemma. □ 
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Notice that the inclusion V„_i C V n corresponds to the natural inclusion 

O b © L~ 2 © • • • © i-f™- 1 ) c Os © © • • • © IT". 

In particular, the distinguished points oe = npo G \npo\ corresponding to the 
bundles with all Jordan-Holder quotients trivial fit together to make a section oz 
of PV„. This section is the projectivization FOb of the first factor Ob in the above 
decomposition. 

We call the above splitting the X-Y splitting of n*Oz{na). While this decompo- 
sition of n^Oz(na) is natural it is not the only possible decomposition, even having 
the property described in the previous paragraph. For example, another splitting 
was suggested to us by P. Deligne. There is a global holomorphic differential u> 
on E which is given on a Zariski open subset of E by dX/Y. There is a local 
complex coordinate ( for E centered at po with the property that on the open set 
on which this local coordinate is defined we have uo = d(. Of course, there is a 
homomorphism C — > E which pulls £ back to the usual coordinate on C. Every 
meromorphic function on E with a pole of order at most n at po can be expanded 
as a Laurent series in (: 

oc 

/ = £ he. 

i=—n 

The coefficient hi in this expansion is a section of L l . We can then use the coefficients 
b- n , . . . , 6_2, fro to define a splitting of it*Oz{no-). (If / is a meromorphic function 
on E whose only pole is at po then 6_i is determined by the 6_i for — n < — i < —2.) 
This splitting is different from the X-Y splitting, but both splittings induce the 
same filtration on 7r*0z(ncr). 

In Theorem 1.2 we showed how a semistable bundle of rank n and trivial deter- 
minant on a smooth elliptic curve E determines a point of the linear series Oe(tiPo)- 
This works well for bundles over families of elliptic curves. 

Lemma 4.2. Let p: PV„ — > B be the projection. Thus, the fiber of p over b G B 
is the complete linear system \npo\, where Ejj = 7r _1 (&) and po is the smooth point 
oC\Eb- IfV — > Z is a rank n vector bundle whose restriction to each fiber of Z — > B 
is a semistable bundle with trivial determinant, then V determines a section 

A(V):B^PV n , 

with the property that, for each b G B, 

A(V)(b)=((V\E b ). 

Proof. Arguing as in (1.6), there is an induced morphism 
*: n*TT*(V®O z (o-)) -^V®O z {a). 

The determinant of this morphism is a section of ir*M © Oz(na), for some line 
bundle M on B, and it gives a well-defined section A(V) of PV„ over B. □ 

We note that the proof of (4.2) does not require that B be smooth, or even 
reduced. 

There is also an analogue for families of elliptic curves of Theorem 1.5. 
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Lemma 4.3. Let S be a scheme or analytic space over B and let V be a rank n 
vector bundle over S Xb Z, such that the restriction of V to every fiber p^[ 1 (s) = 
7T _1 (6) is semistable with trivial determinant, where p\,P2 are the projections of 
S Xb Z to the first and second factors and b is the point of B lying under s. Then 
there is an induced morphism $ : S — > PV n of spaces over B, which agrees over 
each b € B with the morphism defined in (1.5). 

Proof. Let Z = S Xb Z , with tt: Z — > S the first projection. Then Z is an elliptic 
scheme over S which maps naturally to Z covering the map of S — > B. Let a be the 
induced section. Set V„ = 7r*0^ (na). Clearly PV„ is identified with the pullback 
of PV„. Now apply the above result to this elliptic scheme to produce a section 
S — > PV„ which when composed with the natural map PV„ — > PV„ is the morphism 
$ of the proposition. □ 

4-2. Construction of bundles via extensions. 

Our goal for the remainder of this section is to construct various "universal" 
bundles over PV„ XgZ. The first and easiest construction of the universal moduli 
space is via the extension approach, generalizing what we did in Section 3 for a 
single elliptic curve. 

In order to make the extension construction in families, we first need to extend 
the basic bundle Wk over E to bundles over the elliptic scheme Z . 

Proposition 4.4. There is a vector bundle Wd on Z such that Wd is filtered, with 
successive quotients 7r*L d_1 , n*L d ~ 2 , . . . , Oz{o~), and such that on every fiber Wd 
restricts to Wd- Moreover, Wd is uniquely specified by the above properties. In fact, 
if W is a vector bundle on Z such that W restricts to Wd on every fiber, then there 
exists a line bundle M on B such that W = Wd®n*M. Finally, R°ir*Wd = 
and R 1 TT*(W d / ) = L- d . 

Proof. In case d = 1, take Wi = Oz{o~). Now suppose inductively that Wd-i has 
been defined, and that i? 1 7r*(W ( y_ 1 ) = L^^ 1 ^. We seek an extension of Wd-i 
by a line bundle trivial on ever fiber of n, and thus of the form n*M for some 
line bundle MonB, and such that H°(R 1 TTt(W^_ 1 ® ir*M)) has an everywhere 
generating section. Now 

R^^d-i ® k* m ) = ®M = L-( d -V <g> M. 

Thus we must have M = L d_1 . With this choice, noting that i?°7r st (>V^_ 1 ® 
7r*L d_1 ) = since has no sections, the Leray spectral sequence gives an iso- 
morphism 

ff^Wd-i ® n*^- 1 ) = H (R 1 n, t (Wd / - 1 ® tt*^- 1 )) = H°(O b ) 

and thus a global extension of Wd-i by 7r*L d_1 restricting to Wd on every fiber. 
Since the unique section of Wd is given by the inclusion of the canonical subbundle 
Of — > Wd, we must have R°Tr*Wd = and a similar argument (or relative 

duality) evaluates R 1 tt^(W^). 

Finally suppose that W is another bundle on Z restricting to Wd on every fiber. 
Then since Wd is simple, 7r* Hom(Wd, W) is a line bundle M on S, and thus 
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tt, Hom(W d <8> ir*M, W) = B - The element 1 S F°(0 B ) then defines an isomor- 
phism from W d ® tt*M to W. □ 

Note that the formation of Wd is compatible with base change, in the following 
sense. Given a morphism g: B' — ► £>, let Z' = Z x b B', with f:Z'—>Z the 
induced morphism, and let a' be the induced section of n' : Z' — > £?'. Then the 
bundle W d constructed for 7r' : Z' — > B' and the section a' is /*Wd- 

Next we construct a universal bundle via extensions. First we identify the rele- 
vant bundles to use as the parameter space of the extension: 

Lemma 4.5. For \<d<n-\, the sheaves R 1 ir*(W^_ d ® W%) = V n ,d are locally 
free of rank n over B, and are all canonically identified. 

Proof. The local freeness and the rank statement follow from Claim 3.3 and base 
change. The canonical identifications follow from Corollary 3.10. □ 

Let V n ,d = R 1 ^*{V^n-d ® ) as above, and let V n -\,d be the associated pro- 
jective space bundle ¥(V n ,d) —> B. By the general properties of extensions, there is 
a universal extension over V n -\,d x b Z of the form 

- ir*W% ® i^O Vn _ lid {l) - U(d) - 7r|W„_d - 0. 

Applying Lemma 4.3 to these bundles produces bundle maps over B 

The projective space bundles V n -\,d over B are all canonically isomorphic. Un- 
der these isomorphisms, the universal bundles U(d) are all distinct. Nevertheless, 
the result in Proposition 3.10 shows that there is an isomorphism I which identifies 
&ir*{O z {-(T)®WV_i) with 

i? O 7T»(det(0 z (cr) ® W n -i)) <g> det(i?°7r»(O z (cr) ® W„-i)) _1 ® R x -k*O z . 

Let us identify the various factors on the right-hand-side of this expression. First 
of all, it is straightforward given the inductive definition of the W„_i to show that. 

det(O z (<r) ® W„_i) = Oz(na) n * L^- 1 ^^/ 2 . 

It follows that i?°7r«(dct(e> z (cr) ® W„_i)) = i?°7r*C> z (ncr) ® £(™-i)(™-2)/2. Nextj 
we have exact sequences 

-» i? 7r*(C?z(^)«^*£™~ 2 ) R°TT*{O z {o-)®W n -i) -» i?°7r»(O z (a)®W„- 2 ) -► 0. 
Since by Proposition 4.4 we have i?°7r»(7r*L a (g> Oz{o~)) = L a , and since 

i? ^(Oz(2 ( r)) =L- 2 ©O s , 
an easy inductive argument shows that 

dct(i?°7r»(0 z (a) ® W n _i)) = L((«-i)(«-2)/2)-2_ 

Lastly, R^Oz = L' 1 . 

Putting all this together, we get: 
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Theorem 4.6. There is an isomorphism of vector bundles over B 

I: R 1 TT*(Oz(—cr) <8> W„_i) ~ R°ir*Oz(na) ® L, 
which fiber by fiber agrees with the map I of Proposition 3.13. In other words, 

Vn.l = V n ®L. 

Furthermore, the map induced by projectivizing I agrees with the map <£>i produced 
by applying Lemma 4.3 to the family U(l) over V n -\,\ Xb Z. Let $^ be the map 
T J n-i.d - > PVn obtained by applying Lemma 4.3 to the family U(d). Then, the maps 
&d for 1 < d < n are compatible with the identifications coming from Corollary 3.10, 
and hence each of these maps is an isomorphism of projective bundles over B. 

Note that, while the P™~ 1 -bundles V n -i,d arL d PHi are isomorphic, the tautolog- 
ical bundles 0-p n _ 1 d (l) and Opv„(l) differ by a twist by p*L. We shall use V n -\ to 
denote the bundle PV„ together with its tautological line bundle. If £ = c\ (Opv„ (1)) 
andC' = Ci(cV„_ lid (l)), thcnC = C' + i- 
Corollary 4.7. Via the isomorphism of (4.6) and (4.6), 

V n , d = flV^W^ ® W d v ) £* L © L" 1 © • • • © L^"" 1 ). 

T/iis splitting is compatible with the inclusion of V n -i,d in Vn,d as well as that of 
V„_i,d_i in V n ,d- □ 

Corollary 4.8. Under the isomorphism 7r|er: a = B, there is a natural splitting 
W n \a S L"" 1 © i™- 2 © • • • © L © L-\ 

In fact, the extension 

-► tt'L"- 1 -► W„ -» W n _i -► 
restricts to the split extension over a . 

Proof. Let us first show that the restriction of WX to er is split. Begin with the 
exact sequence 

- O z (-<r) © W„ v - Mtf - W> - 0, 
and apply . We get an exact sequence 
► 7r*(W^|a) ► i?V(OzU)®W n v ) ► R^WX > 

> ?r*>V^|cr ► L © L -1 © • • • © ► L~™ ► 0. 

Tracing through the identifications shows that the map R 1 -K sr {Oz{~<j) © W^f) — ► 
-R 1 ^,)^^ is the same as the map 

i? 1 7r»(O z (-cr) © n£) -» i? 1 7r,C> z (- ( j) © L-™ +1 = L" 1 © L- n+1 = L~ n 
coming from the long exact sequence associated to 

-» Oz(-a) © Wn-i -» Oz(-ff) © Vltf - Oz(-<r) © tt*L-" +1 - 0. 
This identifies the map L © L" 1 © • • • © L~™ — > with projection onto the last 
factor. Hence W^|cr is identified with L © L^ 1 © • • • © L~ n+1 . Dualizing gives the 
splitting of W„|ct. The splitting of the extension 

-f tt'L"- 1 -► W„ -» W„_i -► 

is similar. □ 

Now let us relate the bundles U(e?) via elementary modifications. 
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Proposition 4.9. Let TL be the smooth divisor which is the image of PV„_i = 
V n -2 in V n -i under the natural inclusion Tr*Oz((n — C TT^Oz(na), and let 
i: TL — > V n -\ be the inclusion. Then there is an exact sequence 

-► U(d) -» U(d + l)-»(»x Id)»Owx B z(l) ® ?r*i- d -» 0, 

where Ohx b z(1) denotes the restriction of 0-p n l d (l) = 0py„ d (l) ^° W Z. 
TTims U(d) is an elementary modification ofXJ(d + 1), and it is i/ie on/?/ possible 
such modification along TL x B Z. 

Proof. The construction of the proof of Theorem 3.12 gives an inclusion U(d) — ► 
U(cZ+l) whose cokernel is the direct image of a line bundle supported along TL XbZ . 
As in the first paragraph of the proof of (3.12), this line bundle is the inverse of 
7Ti*-ffom(U(d + 1)\TL xb Z, O-hxbz) (where for the rest of the proof we let m be 
the first projection TL Xg Z — > TL). From the defining exact sequence for U(d +1), 

7ri„fforo(U(d + l)\TL x B Z, O nxsZ ) £- ^Hom{^ 2 W y d+1 ® H x B z(l), U x B z) 

= Tri^Wd+i ® Oh Xb z(-1)- 

Here by base change Tri^TrJWd+i is a line bundle on TL whose restriction to every 
fiber is the nonzero section of Wd+i on that fiber. Now Wd+i is filtered by subbun- 
dles with successive quotients ir*L d , 7r*L d_1 , . . . , Gz(cr), and the inclusion of ir*L d 
in Wd+i defines a map L d — > 7ri*7r2Wd+i which restricts to the nonzero section on 
every fiber. Thus 7ri»7rJ W d+ i = L d . Hence 

7n„fforo(U(d + 1)|W x B Z, H y. B z) = L d ® HxbZ (-1), 

and thus the cokernel of the map U(d) — > U(d + 1) is as claimed. The uniqueness 
is clear. □ 

This completes the construction of "universal" bundles over PV„ X-bZ. However, 
we have constructed only n — 1 bundles U(d) for 1 < d < n. 

Note that the formation of the universal bundles U(d) over V n -i,d x^Zis also 
compatible with base change B' — > _B in the obvious sense. 

^.5. TTie spectral cover construction. 

Now we turn to the generalization of the spectral covering construction. First let 
us define the analogues of E n ^ 1 7 T 7 and v. By repeating the construction on each 
smooth fiber, we could take the (n — l)-fold fiber product Z Xb Z Xb ■ • ■ x B Z and 
its quotient under 6 n and & n -i- However this construction runs into trouble at 
the singular fibers, reflecting the difference between the n-fold symmetric product 
of E and the linear system |npo| f° r a singular fiber. Instead, we construct the 
spectral cover in families as follows: Let £ be defined by the exact sequence of 
vector bundles over Z 

-> £ -> Tr*ir*O z (na) -> O z {na) 0, 

where the last map is the natural evaluation map and is surjective. We set T = ¥£ , 
with r: T — > Z the projection. By construction T is a P™~ 2 -bundle over Z. There 
is an inclusion 

T -» ¥(w*7r,O z (na)) = PV„ x B Z, 
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and we let v be the composition of this morphism with the projection q\ : PV n x b 
Z — ► PV n - It is easy to sec that v.T^* ¥V n is an n-sheeted covering, which restricts 
to the spectral cover described in Section 2 on each smooth fiber of Z — > B. By 
analogy with the case of a single elliptic curve, we would like to consider the sheaf 

U = {v x Id)*e>rx B z(A - 0), 

where A=(rx Id)*(A ), for A the diagonal in Z x B Z, and Q = (r x l&yp^a for 
Pi,P2 the projections of Z x B Z to the first and second factors. Here we can define 
Oz x B z ( Ao ) to be the dual of the ideal sheaf of A in Z x b Z . It is an invertible sheaf 
away from the singularities of Z x B Z. The proof of (0.4) shows that Ozx B z{^o) is 
flat over both factors of Z Xg Z, and identifies the first factor, say, with the relative 
compactified generalized Jacobian. As we shall see, Uq is indeed a vector bundle of 
rank n, and that its restriction over each smooth fiber is the bundle Uo described 
in Proposition 2.9. In particular, Uo is a family of regular, semistable bundles with 
trivial determinant over the family Z — > B of elliptic curves. 

Although we shall not need this in what follows, for concreteness sake let us 
describe the singularities of Z x B Z and T explicitly the case where the divisors 
associated to G 2 and G3 are smooth and meet transversally as in the introduction. 
In this case Z has the local equation y 2 = x 3 + sx + t. The morphism to B is 
given locally by (s, t), where t — y 2 — x 3 — sx. Using x, y, s as part of a set of local 
coordinates for Z, the fiber product has local coordinates x,y,s,x',y', . . . and a 
local equation 

y 2 - x 3 - sx = {y'f - (x'f - s{x'). 

Rewrite this equation as 

y 2 - (y 1 ) 2 = (x — x')(s + x 2 + xx + (x') 2 ) = hih 2 , 

say, where a local calculation shows that h\(s, x, x') and h2{s,x,x') define two 
smooth hypersurfaces meeting transversally along V x B Y. It follows that the total 
singularity in Z XbZ is a locally trivial fibration of ordinary threefold double points, 
and A is a smooth divisor which fails to be Cartier at the singularities. 

We return now to the case of a general Z. Fix a d with 1 < d < n — 1, and 
consider the sheaf of algebras TTi*Hom(\J(d), U(rf)) = A over V n -i- Arguing as 
in Lemma 3.19, the space Spec A is reduced and there is a finite flat morphism 
v: Spec A — > V n -i restricts over each fiber to give v: T — > P™ -1 . Moreover, 
U(d) = (u x Td)*£d for some sheaf d on Spec A Xg Z. The method of proof of 
Theorem 3.21 then shows: 

Theorem 4.10. There is an isomorphism from Spec A to T. Under this isomor- 
phism, there is a line bundle M. over T such that U(d) = [y x Id)*0Tx B z(A — 
g)®irtM. □ 

Since U(l) (§3 Orv„, d (~ 1) ® n^zio') has a section vanishing exactly along A, 
the proof of 3.23 identifies this line bundle in case d = 1: 

Theorem 4.11. In the above notation, 

U(l) = (vx Id)„cVx B z(A -G)® O rVn Jl) 

= {vx id),o T x B z(A -g)® ew„(i) ® l-\ □ 

For every a G Z, we can then define U a ~{vx Id)*CVx B z(A — g — a{r* a x B Z)). 
It follows that U a is a vector bundle for every a e Z. 
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Theorem 4.12. WithU a defined as above, there is an exact sequence 

0^U a ^ W a _i -.(ix ld),0 H x B z ® ttU"- 1 -> 0, 
which realizes U a as an elementary modification ofU a -\- Thus, for 1 < d < n — 1, 
U(d)^U 1 - d ®TT i tO PVn (l)®L-\ 

Proof. From the definition of lA a , there is an exact sequence 

-> {u x Id)»O rxBZ (A - - o(rV x B Z)) 
-> (u x Id),Orx B z(A - ^ - (a - l)(rV x B Z)) 
-> {v x Id)*a*ax B 2(A - 5 - (a - l)(rV x B Z)) -» 0. 

The divisor r*er is a P"~ 2 -bundle over which intersects each fiber of T —> B 
in the P"- -2 fiber r~ 1 (po). This fiber is mapped linearly via v to the hyperplane 
H po in |npo|- Thus, v*r*o = T~L. Now both A and Q have the same restriction to 
r*a Xb Z, namely r*a x^it. Also, O r * a ^ B z{r* o x b Z) is the pullback of the line 
bundle Oz(p)\a = L^ 1 . It follows that the quotient of U a -i by the image of U a is 
exactly the direct image of Onx B z <8> 7r*L a_1 , as claimed. The final statement in 
(4.12) then follows by comparing elementary modifications. □ 

Finally we shall need the analogue of Proposition 2.4 for a single elliptic curve. 
It is proved exactly as in (2.4). 

Theorem 4.13. Let U 1 be a rank n vector bundle over PV„ Xg Z such that, for 
all x e PV„ 7 U'\qi (x) = Uo\qi 1 (x). Then there is a unique line bundle M on 
T such that, if 7Ti : T Xg Z — ► T is projection onto the first factor, then W = 
(i/xId),(Orx fl z(A-a)®7r;M). □ 

4-4- Chern class calculations. 

Recall that we let ( — c\(0-p n _ 1 (1)), viewed as a class in H 2 (V n -i). By pullback, 
we can also view £ as an element of H 2 (V n -i Xb Z). We also have the line bundle 
0-p n _ l d {\)), and its first Chern class (' is given by (' = ( — L (where we identify 
L with its first Chern class in H 2 (B) and then by pullback in any of the relevant 
spaces). 

Theorem 4.14. The Chern characters of the bundles U(d) andU a are given by: 

chU(d) = {e-° + e- L + ■ ■ ■ + e,- {d -^ L )e^- L + [e° + e L + ■ ■ ■ + e^" 1 ^); 

a /l - p( a +") i \ 1 - e aL 
ChUa = ' ( l - e * ) - + e ~° {1 6 } ' 

Proof. The first statement is clear from the filtration on the V\4 and the definition 
of C- To see the second, we use (4.12) for 1 < d < n — 1 and calculate 

ch(U(rf) ® Ppv„(-1) ® L ) = chU(d) • e-i+ L = 
{e~ a + e r L + ■■■ + e,- {d - 1)L ) + (e a+L + e 2L + ■ ■ ■ + e {n - d)L )e^ 
= (e-° - 1) + (1 + e- L + ■ ■ ■ + e-( d " 1 ) L )+ 

+ ( e -+£-C _ e L-C) + ( e L + £ 2L + . . . + e (n-d)Ly-C ^ 
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Let a = 1 — d. A little manipulation shows that we can write: 

L _ ah 

l + e- L + -.- + e-^ L = - e —^; 

1 — 

P L _ p (o+n)L 

e L + e 2L + • • • + e<"- d ) L = — T ; 

1 — e h 

{e- a - 1) + {e a+L -t - e L -<) = -(1 - e-°){l - e a+L ^). 

In the last term, note that 1 — e~ CT is a power series without constant term in 
o and thus annihilates every power scries without constant term in a + L, since 
(T 2 = — L ■ a. Thus we can replace the last term by —(1 — e~ CT )(l — e - ^). It follows 
that 

/ L _ (a+n)L\ L _ ah 

chU(rf) • e-^ = e"< x e _ eL e - YZ ^ r (1 - e"')(l - e"<) 



/I _ p (o+n)L\ i _ aL 



In particular, we have established the formula in (4.14) for ch.U a provided a = 1 — d 
with 1 < d < n — 1. On the other hand, the formula for U a as an elementary 
modification shows that 

chW a = chW a _! - ch(O nxB z ® L a - V ). 

Now from the exact sequence 

— > 0p„_ lXB z(- H x B Z) — > CV„_ix B z — > C«x B z — ► 0, 

we see that 

ch(0 WXflZ ® L"- 1 ) - ch(0 WxB ^) • e^ L 
= eS a -V L (l-e- n ). 

Next we claim: 

Lemma 4.15. [H] = ( - nL. 

Proof. We have identified 7i with the image of PV n -i in PV„. The lemma now 
follows from the more general statement below, whose proof is left to the reader: 

Lemma 4.16. Let V be a vector bundle over a scheme B, and suppose that there 
is an exact sequence 

0->V'^V^M->0, 

where M is a line bundle on B. Let H be the Cartier divisor P(V') C P(V). Then, 
if p: P(V) — > B is the projection, 

O v(v) {H) = O v(v) {l)®p*M. □ 

Plugging in the expression for [H], we see that 

chU a - chUa-i = -e^ L (l - e -«-" L )). 

Comparing this difference with the formula of (4.14) shows that (4.14) holds for one 
value of a if and only if it holds for all values of a. Since we have already checked 
it for a = 0, we are done. □ 

Similar computations give the Chern class of U(d) and U a . We leave the calcu- 
lations to the reader. 



n+o-2 
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Theorem 4.17. The total Chern class o/U(d) is given by the formula: 

d-l n-d-l 

c(U(dj) = (l + C-L + (-a)l[(l-(r + l)L + JJ (1 + sL). 
If a > 0, then 

c(U a ) = (l-C + L + (-<j) J] (l + fs + lJi-Ontl + ri)" 1 . 
//-(n - 1) < a < 0, i/ien 

c(Z4) = (i-c + i + C-^) II (i + («+i)i-0lI(i-'-i)- 

s— 1 r— 1 

If a < — (n — 1) ; i/ieri 

1 — n — a — a 

c(W„) = (i-c + £ + C-^) II (i-(.s-i)i-C)- i n( 1 - ri )- D 



s=l 



a-1 



r=l 



n+a-2 



s=0 



Let us work out explicitly the first two Chern classes of U a . First, 



ci(Z4) = 
To give c 2 (U a ), write 

1 - e c 



where 



1 - e 1 



P(c) = 



L — (n + a— 



.x + P(c)a: 2 



;(2c-l)(c-l) 2c 3 -3c 2 + c 



12 



12 



(if c is a positive integer then P(c) = | X^i=i ' )■ A little manipulation shows that 
c-iQia) is equal to 



(a + n — l)(a + n — 2) >9 , , „ . 

^ ^ -C - (n 2 + 2an - 2n - a) 



2 N 2 

n — n 



P(a + n)+ P(a) 



a + n — 1 



I 2 + (<T • 0- 



(■L+ 



Finally, we remark that it is possible to work out the first two terms in chW a 
by applying the Grothendieck-Riemann-Roch theorem directly to the description 
of U a as (y x Id)*Orx B z(A — Q — a(r*a Xg Z)). This calculation is somewhat 
long and painful, and does not give the full calculation of c\iU a because A is not a 
Cartier divisor. 
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5. Bundles which are regular and semistable on every fiber. 

So far in this paper we have been working universally with the moduli space 
of all regular semistable bundles with trivial determinant over an elliptic curve or 
an elliptic fibration. In this section we wish to study bundles V over an elliptic 
fibration ir : Z — > B with the property that the restriction of V to every fiber is a 
regular semistable bundle with trivial determinant. 

5.1. Sections and spectral covers. 

Suppose that V — > Z is a vector bundle of rank n whose restriction to each fiber 
is a regular semistable bundle with trivial determinant. Then for each b <G B the 
bundle V\E b determines a point in the fiber of V n -\ over b. This means that V 
determines a section A(V) = A: B — > V n -i, as follows from (4.2). We shall usually 
identify A with the image A(B) of A in V n -i- Conversely, given a section A of 
T^n—i we can construct a bundle V over Z which is regular semistable with trivial 
determinant on each fiber and such that the section determined by V is A. There 
are many bundles with this property and we shall analyze all such. 

We first begin by describing all sections ofV n -i- 

Lemma 5.1. A section A: B — > V n -\ is equivalent to a line bundle M — > B and an 
inclusion of M~ l into V n , or equivalently to sections of M®L~ l for i = 0, 2, 3, . . . , n 
which do not all vanish at any point of B, modulo the diagonal action ofC*. Under 
this correspondence, the normal bundle of A in V n -i is isomorphic to (V n (S>M)/OB, 
where the inclusion of Ob in V n ®M corresponds to the inclusion of M~ 1 into V n - 
Finally, if either — or ft. 1 (V„ <g> M) — 0, then the deformations of A in 

P n -i are unobstructed. 

Proof. Let A be a section, which we identify with its image in V n -\. Of course, 
A = B via the projection p: V n -i — > B. We have the inclusion of 0pv„( — 1) m 
p*V n - Pulling back via A, we set M = Opv n (l)\A, which is a line bundle such that 
M _1 is a subbundle of p*V n \A = V n . An inclusion 

M" 1 -> V n = O b © L- 2 © • • • © L~ n 

is given by a nowhere vanishing section of {M®O b )®{M®L~ 2 )® - ■ -®(M®L^ n ), 
or equivalently by sections of the bundles (M ® Ob), (M ® £~ 2 ), • • • , (M ® L~ n ) 
which do not all vanish simultaneously, and these sections are well-defined modulo 
the diagonal C* action. Conversely, a nowhere vanishing section of V„ ® M defines 
an inclusion M _1 — > V n and thus a section of V n -i, and the two constructions are 
inverse to each other. 

The normal bundle N A /- Pn _ 1 to A in V n -\ is just the restriction to A of the 
relative tangent bundle T Vn l / B , and thus it is isomorphic to (V n ® M)/Ob- The 
deformations of the subvariety A are unobstructed if every element of H°(N A /-p nl ) 
corresponds to an actual deformation of A. From the exact sequence 

- H (O B ) - H°(V n ® M) -> H^Na/^) - ^(Ob) - ff 1 ^ ® M), 

we see that, if H 1 (Ob) = 0, then every section of the normal bundle lifts to a 
section of V„ ® M, unique mod the image of H°(Ob) = C, and thus gives an actual 
deformation of A. If i? 1 (V„ ® M) = 0, then viewing the deformations of M as 
parametrized by Pici?, if M' is sufficiently close to M in Pici?, then H 1 (V n 
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M') = as well and by standard base change results the groups H°(V n ® M') fit 
together to give a vector bundle over a neighborhood of M in Pici?. The associated 
projective space bundle then gives a smooth family of deformations of A such that 
the associated Kodaira-Spencer map is an isomorphism onto H°(NA/-p n _ 1 ). Thus 
A is unobstructed in this case as well. □ 

Definition 5.2. Let A: B — > V n -\ be a section, and let (A, Id) be the correspond- 
ing section of V n -\ Xb^^Z. For all a e Z, let 

V A , a = (A,Id)*U a . 

For every pair (A, a), the bundle Vam is of rank n and the restriction of Va m to 
every fiber of 7r is regular and semistable with trivial determinant. Furthermore, 
for all ofZ, the section determined by Va,o is A. 

More generally, we could take any bundle U over V n -i y-B Z obtained by twist- 
ing lA a by a line bundle on the universal spectral cover T over V n -i, and form 
Va.u = (A, Id)*W to produce a bundle with these properties. However, these will 
not exhaust all the possibilities in general. To describe all possible bundles V 
corresponding to A, we shall need to define the spectral cover associated to A. 

Definition 5.3. Let A C V n -\ be a section. The scheme-theoretic inverse image 
v* A of A in T is a subscheme Ca of T, not necessarily reduced or irreducible. The 
morphism gA — v\A: Ca — > A = £> is finite and flat of degree n. We call C4 the 
spectral cover associated to the section A. 

In the notation of (5.1), we shall show below that Ca is smooth for M sufficiently 
ample and for a general section corresponding to M. In general, however, no matter 
how bad the singularities of Ca, we have the following: 

Lemma 5.4. The restriction of r to Ca embeds Ca as a subscheme of Z which 
is a Cartier divisor. In fact, if V is a vector bundle with semistable restriction to 
every fiber and A is the associated section, then Ca is the scheme of zeroes o/dct 
where 

*: tt*tt*(V ®Oz{a)) ->V®O z {o-) 

is the natural map. The line bundle Oz{Ca) corresponding to Ca is isomorphic 
to Oz(na) <g> 7r* M , where M is the line bundle corresponding to the section A. 
Moreover, the image of Ca in Z determines A. Finally, if C C Z is the zero locus 
of a section of Oz(na) (8) ir*M and the induced morphism from C to B is finite, 
then C — Ca for a unique section A ofV n -i- 

Proof. Let i: Ca — > T be the natural embedding. We claim that r o i: Ca —> Z is a 
scheme-theoretic embedding. To see this, recall that we have T C V n -\ x b Z via 
(u, r). In fact, from the defining exact sequence 

-> £ -> 7r*7r*0 z (W) -> Oz(ncr) 0, 

we see that T = P£ is a Cartier divisor in Y{-K*ir*Oz{na)) = V n -\ *bZ defined by 
the vanishing of a section of w^Ozina) <g> 7r 1 Op n _ 1 (1). Clearly, the image of ((Ca) 
under the map Ca — > T — > V n -i x b Z is an embedding of in A x b Z = Z. 
Thus r o i is an embedding of Ca into Z. Moreover, Ca is the restriction of 
T C V n -i XbZ to AxbZ, and thus is a Cartier divsior in Z. Essentially by 
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definition, Ca is defined by the vanishing of det W (since this holds on every fiber 
E b ). Moreover, Oz{Ca) is the restriction to A x B Z of i^\Oz{na) ® n*0-p n _ 1 (1), 
namely Oz(na) ®tt*M. 

Since the hypersurface T C V n -\ Xs Z is the incidence correspondence, the line 
bundle 0-p n _ 1 Xb z(?~) restricts on every fiber E of 7r to 0e(tipo), and the effective 
divisor T restricts to the tautological divisor in |npo| x E corresponding to the 
inclusion T C V n -i x b Z. Thus, by restriction, if Oz{Ca) is the line bundle 
in Z corresponding to the Cartier divisor Ca, then for every fiber E = Eb of n, 
O z (C A )\E = O E {np ), and the section of O E (np ) defined by C A is A(b). Thus 
the image of Ca in Z determines A. 

Finally, let C be the zero locus of a section of Oz(na) ® 7r*M. Note that 

O z (na) ® tt*M) = H°(B; ir*(O z (na) ® tt*M)) = V„ ® M), 

so that sections s of Ozina) ® ir*M mod C* correspond to sections s' of V„ <S> M. 
Under this correspondence, s' vanishes at a point of B if and only if s vanishes along 
the complete fiber tt (b). Thus we see that the subschemes C mapping finitely 
onto B arc in 1 — 1 correspondence with sections A of V n -i whose associated line 
bundle is M. □ 

We define Ta — Ca Xb Z C T Xb Z, and let pa : Ta — ► be the natural map. 
There is an induced map ^a : Ta — > Z such that the following diagram is Cartesian: 









1" 


^ 9a 





Thus, Ta is an elliptic scheme over Ca pulled back from the elliptic scheme Z — > B 
via the natural projection mapping Ca — ► B. Even if Ca is smooth, however, Ta 
is singular along the intersection of Ca *-b Z with Tx^r C Z x B Z, at points 
corresponding to T n Ca C If dim B = 1, the generic section A will be such that 
Ca nr = 0. However, if dim B > 2 and A is sufficiently ample, Ca nT is nonempty. 
In the generic situation described in the last section, where G2 and G3 are smooth 
and meet transversally, the singularities of Ta arc locally trivial families of threefold 
double points. In general, if no component of T is contained in Ca, the codimension 
of Ca n T in Ca is two and the codimension of the corresponding subset of Ta is 
three. If a component of T is contained in Ca, then the codimension of Ca H T in 
Ca is one and the codimension of the corresponding subset of Ta is two. Note that 
A is a Cartier divisor in the complement of the subset of Ta consisting of singular 
points of singular fibers lying over Ca H T. 

Let us examine the pullback to Ta = Ca XgZof the divisors in T. The section 
a C Z pulls back via v\ to a section Sa of the elliptic fibration va'-Ta — ► Ca- 
Clearly Ea = v* A a = C?|Ta, where as in the last section Q is the pullback to T x b Z 
of a C Z by the second projection. The diagonal A in Z x B Z pulls back to a 
hypersurface in Ta, which is the restriction of A C T x b Z to Ca Xb Z = Ta- We 
shall continue to denote this subvariety by A. However A is not a Cartier divisor 
along the singular set of Ta- On the other hand, the restriction of pa to A is an 
isomorphism from A to Ca, so that in a formal sense A is a section. There is also 
the class £, which is obtained as follows: take the class ( on V n -i, pull it back to T, 
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and then restrict to Ca- In the notation of (5.1), this class is just a — ci(M), pulled 
back from B. The remaining "extra" class r*a Xr Z\Ta corresponds to a ■ Ca = F 
in Z, and in particular it is pulled back from a class on Ca- Note that F maps 
isomorphically to its image in B. Using v*r*o~ = T~L, we see that the image of F in 
B corresponds toiflTi. If D is the divisor in B corresponding to A(1H and V is a 
bundle with semistable restriction to every fiber whose associated section A(V) is 
A, then V\Eb has Oe as a Jordan-Holder quotient if and only if b g D. The above 
classes, together with the pullbacks of classes from B, are the only divisor classes 
that exist "universally" on Ca Xb Z = Ta for all sections A. 

Using these classes, let us realize the bundles Vam as pushforwards from Ta- 
Note that, from the definition, it is not a priori clear that {i>a)*Ot a {&- — £a) is 
locally free, since A need not be Cartier. 

Lemma 5.5. For every section A ofV n -i and for every a 6 Z, we have 
V A , a = (^a)*Ot a (A - Sa - aF). 



Proof. There is a commutative diagram, which is in fact a Cartesian square: 

T A > Tx B Z 



uxld 



7 (A ' M \. V v 7 
Z > F n -1 X B 



Moreover, by definition Va, a = (A,Id)*(^xId)»0rx s z(A-^-aF). The morphism 
v x Id is finite. Pulling back by the top horizontal arrow, the sheaf CVx B z(A — Q — 
aF) restricts to 0t a (A — — aF). Thus, (5.5) is a consequence of the following 
general result: 



Lemma 5.6. Let 



X' 



Y' 



1' 



Y 



be a Cartesian diagram of schemes, with it a finite morphism. Let S be a sheaf on 
X. Then the natural map g*ir*S — > (n')*f*S is an isomorphism. 

Proof. The question is local in Y and Y', so that we may assume that Y = Speci? 
and Y' = Spcci?' are affinc. Since n and tt' are finite, and thus affine, we may 
thus assume that X = SpecS* and X' = Spec 5', with S' = S <S)r R' ■ Suppose 
that S corresponds to the ^-module M. Let Mr be the S'-module M, viewed as 
an i?-module. The assertion of the lemma is the statement that 



{Mr) ®r R'^{M® S S')r,. 

But M ®s 5" = M ®5 (S ®ij R'), and a standard argument now identifies (M (8)5 
(S <E)r R'))r> with (Mr) ®r R'. This proves the lemma. □ 

Once we know that the sheaf Ot a (A — — aF) pushes down to a vector bundle 
on Z, the same will be true for the twist of this sheaf by any line bundle on Ca- 
Conversely, we have the following: 
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Proposition 5.7. Let V be a vector bundle of rank n on Z such that V\Eb is a 
regular semistable bundle with trivial determinant for every fiber E^. Let A = A(V) 
be the section determined by V and let Ca — ► A be the induced spectral cover. Then 
there is a unique bundle N on Ca, such that V = {va)* [Ot a {& — ^U) ® p\N\. □ 

The proof of this result is similar to the proof of Part (ii) of Theorem 2.4 and 
will be omitted. 

Next wc look at the deformation theory of V. 

Proposition 5.8. applying the Leray spectral sequence for tt: Z — > B to compute 
H X {Z\ Hom(V,V)), there is an exact sequence 

0^ ^{B-n^HomiV^V)) -» H\Z\ Hom(V, V)) -► H°(B; R 1 ir :t Hom(V, V)). 

(i) The first term is if 1 (Oc A ) an & corresponds to first order deformations of a 
line bundle on the spectral cover Ca; 

(ii) If L is not trivial, then H°(B; R 1 Tr*Hom(V, V)) is the tangent space to A 
in the space of all sections ofV n -i, and the restriction map 

H Y {Z:Bomiy,V)) -» H°(B; R 1 TT„Hom(V,V)) 

is the natural one which associates to a first order deformation ofVa first 
order deformation of the section A(V). 
(hi) Suppose that L is nontrivial and that Ca is smooth, or more generally 
that h l (Oc A ) is constant in a neighborhood of A. Suppose also either that 
H 1 (Ob) =0 or that h}{V n <8> M) = ; which will hold as soon as M is suffi- 
ciently ample. Then the local moduli space of deformations of V is smooth 
of dimension equal to h (Z; Hom(V,V)). In other words, all first order 
deformations ofV are unobstructed. 

Proof. By construction Tr*Hom(V, V) — (gA)*Oc A , and we leave to the reader the 
check that the inclusion i? 1 (-B; TT*Hom(V, V)) —> H 1 (Z; Hom(V,V)) corresponds 
to deforming the line bundle on Ca- Next, let us fix for a moment a regular 
semistable bundle V over a single Weierstrass cubic E. Applying (1.5) with S = 
C[e], the dual numbers, for every deformation of V over 5, there is an induced 
morphism S — > \npo\ which restricts over 5 ro d to C(^0- Thus there is an intrinsic 
homomorphism from H 1 (ad(V)) to the tangent space H°(OE(npo))/C ■ ((V) of 
\npo\ at ((V). By (v) of Theorem 3.2, if V is a regular semistable bundle, then 
there is an exact sequence 

- C - H^W^a ® - H\ad(V)) - 0. 

which identifies H 1 (ad(V)) with the tangent space to \npa\ at ((V). Using the 
parametrized version of this construction (Lemma 4.3, with S equal to C[e] x B), 
there is an induced morphism from H° '(R 1 n \ad(V)) to Hom(C[e] x B,V n -i\A), 
the space of morphisms from C[e] x B to V n -i extending the section A. This gives 
an isomorphism from i? 1 7r*ad(l / ) to the relative tangent bundle T-p n _ 1 /g restricted 
to A. As we have seen in Lemma 5.1, this restriction is just the normal bundle 
NA/v n - t to A in V n -i. Clearly the map i?°(i? 1 7r*ad(t/)) H°{N A/Vn _A is the 
natural map from the tangent space of deformations of V to the tangent space to 
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deformations of the section A in V n -i- Now Hom(V,V) — ad(V) © Oz, and so 
R 1 Tr*Hom(V, V) = R 1 n*ad(V) © L~ x . Either L 4 or L 6 has a nonzero section, so 
that L~ x has a nonzero section if and only if L is trivial. Thus, if L is not trivial, 
then H"^- 1 ) = 0, and so 

H°(B; R 1 ir*Hom(V, V)) = H°(R 1 ^ad(V)) 

as claimed in (ii). 

To prove (hi), begin by using Lemma 5.1 to hnd a smooth space Y parametrizing 
small deformations of the section A, of dimension h°(NA/-p n l ). If A — > Y is the 
total space of this family, there is an induced family of spectral covers C — > Y. By 
assumption, the relative Picard scheme Pic(C/l") is smooth in a neighborhood of 
the fiber over A. Use this smooth space of dimension h}{Oc A ) + h a (N A / Vn l ) to 
find a family of bundles parametrized by a smooth scheme S, which is an open 
subset of Pic(C/y) and thus is fibered over the open subset Y of sections of V n -i- 
This implies that the Kodaira-Spencer map of this family, followed by the map from 
H. X {Z; Hom(V, V)) to H°(B; R 1 Tr*Hom(V, V)) is onto, and then that the Kodaira- 
Spencer map is an isomorphism onto H 1 (Z; Hom(V,V)). Thus, the first order 
deformations of V arc unobstructed. □ 

5.2. Relationship to the extension point of view. 

Next we relate the description of bundles constructed out of sections A of V n -\ 
with the point of view of extensions. As usual, this will enable us to construct some 
of the bundles previously constructed via spectral covers, but not all. 

We have already constructed the bundles Wk over Z as well as the universal 
extension XJ(d), 1 < d < n, which sits in an exact sequence 

- n* 2 W^ ® nlOv^Jl) - U(d) - n* 2 W n - d - 0. 

Here the projective space P n -i,d of the vector space of extensions is identified with 
V n -i, but, by Theorem 4.6, under this identification 

Finally, we have 

U(d) =U 1 - d ®7r* 1 Vn _ 1 (l)®L- 1 . 
Thus there is an exact sequence 

-» 7r*W^ -► U^d -» ir^Wn-d ® ^©^(-l) ® L 0. 

Given a section A of V n -i,d = V n -\ suc h that 0p„_ 1 d (1)1-4 = M', we can pull 
back the defining extension for U(d) to obtain an extension 

-» W d V ® 7T*M' -^U A ^ W n -d -► 0. 

(Of course, M' is M ® L~ .) Conversely, suppose that we are given an extension 
of W n -d by © 7r*M', where M' is a line bundle on i3 which we can write as 
M ® In this case, by the Leray spectral sequence 

H^^n-d ® © 7T*M') S ^(i? 1 7T»(W^_ d ® W d v ) ® M') 
= -ff°(V„, d ® M ® L- 1 ) = H°(V n ® M). 



VECTOR BUNDLES OVER ELLIPTIC FIBRATIONS 



63 



Thus nontrivial extensions of W n -d by ® it* M' which restrict to nontrivial 
extensions on every fiber can be identified with sections of V n -i,d corresponding to 
the line bundle M. Finally, we see that, for 1 < d < n — 1, we can write Va,i-<i as 
an extension 

-> W d v -f Vk,i-d -> W„_ d ® tt^M" 1 ® L) -» 0. 

We can also relate the deformation theory of J/a above to the bundles Wd and 
Wn-d. Thus, the tangent space to Ker{ (g a )* '■ PicCU — > PicB } is -ff 1 (i3; 7r*(yVd<S> 
Wn-d) ® M^ 1 ® L), and the tangent space to deformations of the section A is 
H°(B; R 1 ir*(W% <g> W^_ d ) <g> M ® L" 1 ), provided that L is not trivial. 

5.5. Chern classes and determinants. 

Let ^4 be a section of V n -i- Corresponding to A, there is the line bundle M on 
B which is the restriction to A of 0-p n _ 1 (l). We denote by a the class Ci(M) G 
H 2 (B;Z). Our goal is to express the Chern classes of Va,o m terms of a and the 
standard classes on Z. We will also consider more general bundles arising from 
twisting by a line bundle on the spectral cover. 

First we shall determine the Chern classes of Va,o ■ We begin with the following 
lemma: 

Lemma 5.9. Let A be a section of V n -i corresponding to the inclusion of a line 
bundle M- 1 in V„. Then, for k > 0, we have p*{[A] ■ ( k ) = a k e H 2k (B; Z). 

Proof. Note that by definition (\a = C\(M) = a when we identify A and B in the 
obvious way. It follows that ( k \A — a k . This means that p*(L4] • ( k ) — a k . □ 

Using (5.9), we can compute the Chern classes Ci(Va,o) by taking the formula 
for CiilAa) and replacing Q by a 1 . Thus 

Theorem 5.10. Suppose that A is a section ofV n -\ such that the corresponding 
line bundle M has a(M) = a E H 2 (B) (or PicB). Then 

/I _ Ja+n)L\ i _ aL 

ch(V A , a ) = e -" ___ - __ + e -(l - e~ a ). 



L. □ 



l-e L J 1 - e 

Moreover, in n* Pic B C Pic Z, 



det(VA, a ) = -(n + a - l)a - 



an 



There is also a formula for c(Va,o) which follows similarly from the formula for 
c{U a ). 

Now let us consider the effect of twisting by a line bundle on the spectral cover. 
If N is a line bundle on the spectral cover Ca associated to A, let 

V A ,o[N] = (v A )* [Ot a (A - Sa) ® P* A N] ■ 

For example, suppose that N is of the form Oc A {—aF) ®g A N , where N a is a line 
bundle on B. Then 

V A ,o[N]=VA,a®**N . 
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In particular, we see that if N = Oc A (—aF) (g> g\N , for some line bundle iVo on 
B and some integer a, then 



ch{V Afi [N]) 



i _ o( a + n ) L \ 1 — p aL 

•l-i^-)- — ^-'' 1 



e Cl{Na) . 



For more general line bundles N on C A , we can calculate the determinant of 
Va,o[-^]- In what follows, wc identify Pici? with a subgroup of Pic Z via ir* and 
write the group law additively. 

Lemma 5.11. With Va,o[N] as defined above, the following formula holds in Pic B: 
ci(V Afi [N}) = _(„-i) a + (IL^l + (0 A ), Ci (jv). 



Thus, for a fixed section A of V n -\ and a fixed line bundle M on B, the set of 
bundles V on Z which are regular semistable on every fiber, with A(V) = A and 
det V = ir*Af is a principal homogeneous space over Ker{gA* ■ PicCU — * Pici?}, 
which is a generalized abelian variety times a finitely generated abelian group. 

Proof. Since it is enough to compute the determinant in the complement of a set 
of codimcnsion two, we may restrict attention to the open subset of Ta where A is 
a Cartier divisor. Now it is a general formula that, for a Cartier divisor D on Ta, 

ci [{v a )*Ot a {D)\ = ci [{v a )*0 Ta ] + {va)*D. 

Thus, applying this formula to Ot a (A — Y, A ) and Ot a (A — S^) <g> p* A N, we see that 

ci{V Afi [N]) = ci(Va,o) + {"a).P* a ci{N). 

( — n\ 

But we have calculated c\(Va,o) = —{n — l)a + ( — - — JL, and (va)*P*a c i{N) = 

ir*(gA)*ci(N) since Ta = Ca *b Z. Putting these together gives the formula in 
(5.11). □ 

If dim B > 2 and M is sufficiently ample, we we will see in the next subsection 
that the generalized abelian variety Kerjg^* : PicCa —> Pic B} is in fact a finitely 
generated abelian group, with no component of positive dimension. 

Using (5.11), let us consider the following problem: Given the section A, when 
can we find a line bundle TV such that Va ; o[^V] actually has trivial determinant? 
We are now in position to answer this question in this case if we consider twisting 
only by line bundles which exist universally for all spectral covers. 

Proposition 5.12. Given a section A, suppose that N — Oc A {—aF) £g> g^iVo for 
a line bundle Nq on B and an integer a. Then Va,o[N] has trivial determinant for 
some choice of an N as above if at least one of the following conditions holds: 

(i) n is odd, 

(ii) L is divisible by 2 in Pic B, or 

(iii) a = L mod 2 in PicB. 
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Proof. It suffices to show that there exists an a <E Z such that det(VA, a ) is divisible 
by n. For then, for an appropriate line bundle N on B, we can arrange that 
V = Vam <8> N has trivial determinant. By (5.10), we must have 

i -n n(n-l) 

(a — l)a = L mod n. 

In the first two cases we simply take a = 1 mod n. Lastly, let us suppose that n is 

Hj{ ti — 1 ) 

even and that L is not divisible by 2. Then the condition (a — l)a = L mod 

n is a nontrivial condition on a. It is satisfied for the appropriate a if a = L mod 2 
in Pic B. □ 

We leave it to the reader to write out necessary and sufficient conditions for the 

Tlifl — 1 ) 

equation (a — l)a = L mod n to have a solution in general. 

For a general line bundle N on Ca , we can use the Grothendieck-Riemann-Roch 
theorem to calculate the higher Chern classes of ch(VA,o[-^]), but only in the range 
where A is a Cartier divisor. Thus, we are essentially only able to compute C2 by 
this method for a general line bundle N: 

Proposition 5.13. Suppose that no component of T is contained in Ca- Let ch.2 
be the degee two component of the Chern character. Then 

ch 2 (V A ,o[N]) ~ ch 2 {V Afi ) = 
(va). ((a-E a + \{v\K z K Ta )\ ■ { P aT{N)\ + ^aT{ 9 a)^ 2 



Proof. Working where A is Cartier, we can apply the Grothendieck-Riemann-Roch 
theorem to the local complete intersection morphism va ■ Ta — > Z to determine the 
Chern character of Va,o = (^a)*Ot a (A — ^a)- 

ch{V A , a ) = {va)* (e A - s TodA(T A /Z)) , 

valid under our assumptions through terms of degree two. Applying the same 
method to calculate the Chern character of Va^A^], we find that, at least through 
degree two, 

ch(V A , [A]) - ch(V A , ) = ("a)* ((e N - l)(e A - s Todd(T A /Z)) . 
Expanding this out gives (5.13). □ 



5.4- Line bundles on the spectral cover. 

In this section, we look at the problem of finding extra line bundles on the spec- 
tral cover Ca, under the assumption that Ca is smooth and that M is sufficiently 
ample. As we shall see, the discussion falls naturally into three cases: dim£? = 1, 
dimB = 2, dimB > 3. 

First let us consider the case that B is a curve, with M arbitrary but Ca assumed 
to be smooth, or more generally reduced. Let A correspond to the line bundle M 
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on B. Given V — Va,o[N], we seek det V and c 2 (V). First, by (5.11), working in 
Pic£? written additively, 

— ^— )L + (g A )*N. 

Since qa* ■ PicCU — ► Pic-B is surjective in case C A is reduced, we can arrange that 
the determinant is in fact trivial, and then the line bundle Oc A (D) is determined up 
to the subgroup Ker{g A * ■ PicCU — > PicB}. If C A is smooth, then this subgroup 
is the product of an abelian variety and a finite group 
We may summarize this discussion as follows: 

Theorem 5.14. Suppose that dimi? = 1. Given a section A of V n -\ such that 
C A is reduced, the set of bundles V with trivial determinant such that A(V) = A 
is a nonempty principal homogeneous space over Ker{g A * '■ PicCU — ► PicB}. The 
same statement holds if we replace the condition that V has trivial determinant 
by the condition that the determinant of V is ir*X for some fixed line bundle X on 
B. □ 

The remaining Chern class is C2(V). In this case, in H (Z; Z), with no assump- 
tions on T, we have (as computed in [3] in case n = 2): 

Proposition 5.15. For every line bundle N on Ca, 

C2(V a ,o[N]) = c 2 (V)=<j-a = degM. 



Proof. First assume that C A is reduced. Write N = Oc A (^2 i Pi) 1 where the pi are 
points in the smooth locus of Ca which lie under smooth fibers. Thus (Pi) = fi 
is a smooth fiber of T4. In this case, we can obtain Va.oI-^] as a sequence of 
elementary modifications of the form 

- VaANj] - V A ,oW j+ i} - -» 0, 

where Ej is the fiber on Z corresponding to fj C T Al ij ■ Ej — > Z is the inclusion, 
and Xj = Ot a (A — XU) |/j is a line bundle of degree zero. By standard calculations, 

02(^,0^]) = C2(Vk >0 [^ +1 ]) 

and so c 2 (V A ,o[N]) = c 2 (V A ,o) = a ■ a. 

In case Ca is not reduced, a similar argument applies, where we replace Pi by a 
Cartier divisor whose support is contained in the smooth locus of (C J 4) ro d and Ej 
by a thickened fiber. □ 

Remark. On the level of Chow groups, the refined Chern class c 2 {VAfl[N\) essen- 
tially records the extra information coming from the natural map Pic Ca —* A 2 {Z). 

Next we consider the case where dimi? > 1. First we have the following result, 
with no assumption on Ca, concerning the connected component of PicCU- 
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Lemma 5.16. Suppose that dimB > 2 and that M is sufficiently ample. More 
precisely, suppose that 

H' l {B; L- 1 ® M- 1 ) = H l (B; L ® M _1 ) = • • • = H\B; i"" 1 ® M _1 ) = 

for i = 0, 1. Then the natural map from B^iZ; Oz) to H 1 {Ca] Oc A ) is an isomor- 
phism. Finally, if in addition L is not trivial, then the norm map from Pic Ca to 
Pic B is surjective with finite kernel. Thus Ker{gA* ■ PicCU — > Pic B} is a finitely 
generated abelian group. 

Proof. From the exact sequence 

-» O z (-no-) ® 7T*M _1 -> O z Ca 0, 
we see that there is a long exact sequence 

H\O z {-na) ® t^M" 1 ) -► H 1 {O z ) -» H x {0 Ca ) -► F 2 (C z (-ncr) «> 7r*M _1 ). 
Applying the Leray spectral sequence to 0z(— hct) ® 7r*M _1 , we have that 

W(O z (-na) ® 7r*M _1 ) = H i ~ 1 (R 1 TT i: [O z (-na) <g> 7T*M _1 ] ). 
Now, by duality, 

flV* [O z (-na) <g> 7T*M _1 ] = R^Ozi-na) ® M^ 1 

= (it 1 e l e • • • e i"' 1 ) ® at 1 . 

Thus by our assumptions the map H 1 Oz) — > H 1 (Oc A ) is an isomorphism. By 
applying the Leray spectral sequence to Oz, we see that there is an exact sequence 
-> H 1 (O b ) -> ff^z) -> i? (£ _1 ). As we saw in the proof of (ii) of (5.8), if £ 
is not trivial, then = and the pullback map H 1 (Ob) — > H 1 O z ) is an 

isomorphism. The last statement of the lemma is then clear. □ 

Lemma 5.17. If M is sufficiently ample on B, then Ca is an ample divisor in Z. 

Proof. Equivalently, we must show that for M sufficiently ample on B, tt*M ® 
Oz(na) is ample. But Oz(no~) is relatively ample, and thus by a standard result 
ir*M <g> Oz{ncr) is ample for M sufficiently ample (compare [10, p. 161. (7.10)(b)] 
for the case where Ozina) is relatively very ample). □ 

Corollary 5.18. If dim B > 3, M is sufficiently ample, and Z and Ca are smooth, 
then Pic Z = PicCU- If dim B = 2, M is sufficiently ample, and Z and Ca are 
smooth, then the restriction mapping Pic Z — ► Pic Ca is injective. 

Proof. This is immediate from the Lefschetz theorem and (5.17). □ 

Remark. If dim_B = 2 and M is sufficiently ample, it is natural to expect an 
analogue of the Noether-Lefschetz theorem to hold: for generic sections Ca of 
7r*M <g> Ozina), VicZ = PicCU. However, in the next section, we will see how 
to construct sections A such that the spectral cover Ca is smooth but has larger 
Picard number than expected. 

5.5. Symmetric bundles. 

Next we turn to bundles with a special invariance property. 
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Definition 5.19. Let i: Z — > Z be the involution which is —1 in every fiber. A 
bundle V is symmetric if t*V = V v . 

We shall now analyze when a bundle V is symmetric. We fix a section A, 
corresponding to the class a and denote Ca, va, Ta, 9a simply by C, v,T,g. 

Proposition 5.20. For a suitable choice of N e PicC the bundle Va,o[N] is sym- 
metric if and only if g*(L + a) + nF is divisible by 2 in PicC. In this case, for a 
fixed section A, the set of all symmetric bundles whose section is A is a principal 
homogeneous space over the 2-torsion in PicC. 

Proof. Suppose that V = V A ,o[N] = [O t (A - T, A ) ® p*O c {N)], where TV is a 
divisor on C. For our purposes, since both i*V and V v are bundles, they are 
isomorphic if and only if they are isomorphic outside the complement of a set of 
codimcnsion two in Z. Thus, we shall work as if A is a Cartier divisor. 

There is an induced involution on T, also denoted by l, for which v is equivariant. 
Thus 

l*V = l*u* [C T (A - £ A ) ® p*Oc{N)] 
= u*l* [Ot(A-^a)®P*O c (N)}. 

Now i*Y, A = and L*p*O c (N) = p*O c (N). One the other hand, i*A is linearly 
equivalent to 2Y*a — A on a generic fiber. This says that 

i* A = 2XU - A + p*D 

for some divisor D on C. To determine D, restrict both sides above to T<a where 
i acts trivially. We find that D = 2 A ■ — 2T? A , viewed in the obvious way as a 
divisor class on C. Thus 

i* A = 2Ys A - A + 2p* Do 

where D is the fixed divisor class A • — T, A , viewed as a divisor on C. Here 
the main point will be the factor of 2. However we note that T, A = —[L'], where 
L' = g*L is the line bundle for the elliptic scheme T, and 

A • = A • v*a = i/* (I/, A) -u = v*{C- <r), 

which after pullback corresponds to the divisor class F on T. (Here A = C Xb C C 
C Xb Z, and so v*A = C since v is just the natural projection of T = C x b Z to 
Z-) 

Next we calculate V v . Relative duality for the finite flat morphism v says that, 
for every Cartier divisor D on T, [^0 T {D)] y = u*[0 T {rD)®K T / z ], where 
Kt/z — Kt ® v* is the relative dualizing sheaf of the morphism v. Thus 
we must have 

H A - A- p*N + K T - v*K z = S A - A + 2/^A) + p*N. 
Equivalently, we must have 



K T - v*K z = 2p*N + 2p*D = 2p*(N + [L 1 ] + F). 
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Conversely, given that the above equality holds, the corresponding vector bundles 
will be symmetric. To see if this equality holds for the appropriate choice of N, we 
must calculate Kt — v*K z . Since Z is an elliptic fibration, K z = it*(Kb + L), and 
likewise K T = p*(K c + L'), where V = g*L. Thus K T - v*K z = p*(K c - g*K B ). 
To calculate Kc, we use (5.4), which says that K c = K Z + C\C = K z +n* L+na\C. 
On the other hand, K z — it* Kb = n*L. Restricting to C gives: 

K c -g*K B =g*(L + a)+nF. 

Putting this together, we see that, if V is symmetric, then we must have p*(g*(L + 
a) + nF) divisible by 2 in p* Pic C, and conversely. 

Next we claim that p* : PicC — > PicT is injective. It suffices to show that 
P*Ot = Oc, for then p*p*N = N for every line bundle N on C. But by flat base 
change g*Tr*O z = p Sf v*O z = p*Or- Since tt*O z = Ob, we have that g*ir r O z = 
g*Os — Oc — P*Ot- Hence p*Or — Oc, and so p* is injective. 

Thus, V is symmetric if and only if g*(L + a) + nF divisible by 2 in PicC. 
Moreover the set of possible line bundles N for which Va,o[-^] is symmetric is a 
principal homogeneous space over the 2-torsion in Pic C, as claimed. This concludes 
the proof of (5.20). □ 

If dim£? > 3, Z and C are smooth, and M is sufficiently ample, then g*(L + 
a) + nF is divisible by 2 in Pic C if and only if n* (L + a) + na is divisible by 2 in 
PicZ. This can only happen if n is even and a = L mod 2. A similar statement is 
likely to hold if dimi? = 2 and A is also assumed to be general. 

We can see the conditions n is even and a = L mod 2 clearly in terms of exten- 
sions. In this case n = 2d, and we can write Vas-<i as an extension 

-> Wd -> V A ,i-d -> ® M- 1 ® L -» 0. 

Under the assumption that M~ 1 ®L = M® 2 for some line bundle M , we can write 
Va.i-cI ® Mq 1 as an extension of Wd ® M by the dual bundle (gi M^ 1 , and 
then check directly that the corresponding bundles are symmetric. 

5.6. The case of the trivial section. 

We turn to bundles which have reducible or non-reduced spectral covers. We 
begin with the extreme case of the trivial section o = o z = POb C V n -i- To 
construct this section we take M = Ob and take a nowhere vanishing section of 
Ob and the zero section of L~ a for all a > 0. Since M = Ob, the class a is zero. The 
spectral cover C = C c Z is simply the nonreduced scheme na, and the associated 
reduced subschcmc C ro d is identified with B. The bundles associated to this section 
have the property that their restrictions to each fiber of Z are isomorphic to I n {0). 
Conversely, if we have such a bundle V over Z, then the section it determines is o. 

By our general existence theorem we immediately conclude: 

Corollary 5.21. For every n > 1 there is a vector bundle V — > Z whose restriction 
to each fiber c Z is isomorphic to I n (OE b ). O 

The structure sheaf Oc is filtered by subsheaves with successive quotients 



L n -\L n - 2 ,...,0 B - 
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The restriction of Ocx B z(A — — aF) to C ro d Z = Z, is isomorphic to 

O c * B z(A - S A - aF)|(C red x s Z) £* - a) ® L a ) = L a . 

From this it follows that V a , a has a filtration by subbundles with successive quotients 
L a + n -\L a+n - 2 , ...,L a . Consequently, 

e aL _ e (a+n)L 

ch(V , a ) = l g£ , 

which agrees with the formula in Theorem 5.10 since a = 0. 

We have the inclusion B = C ro d C C and the projection C — > B so that 0c 
splits as a module over into S ® Ob with 5 a locally free sheaf of rank n — 1 
over Os. From the filtration of Oc as an O^-module, we see that S has a filtration 
with successive quotients L"" 1 , L"" 2 , Thus, PicC ^ PicB © if^S), and 

H 1 (S) is a vector group. In particular, as far as Chcrn classes are concerned, we 
may as well just twist by line bundles N on C which are pulled back from B. Even 
if the line bundle N on C is not pulled back from B, if No is the restriction of N 
to C ro d — B, it is still clear that V( ,o)[-^] has a filtration with successive quotients 
L 11 - 1 <8> N , L n ~ 2 ®N Q ,...,L® N .'we have 

1 _ p nL 

ch(V O;0 [iV]) = T -^ r -e"°. 

Remark. (1) Note that, unless L is a torsion line bundle, the bundles V^^I^V - ] are 
unstable with respect to every ample divisor. 

(2) By contrast with (5.14), even if dimi? = 1, we cannot always arrange trivial 
determinant for V^.o^]- 

If instead we try to construct V , a directly as a sequence of global extensions on 
Z, we run into the following type of question. Suppose for simplicity that n = 2 
and that a = 0. In this case we try to find a bundle on Z which restricts over every 
fiber / of Z to be the nontrivial extension of Of by Of, in other words to 12- We 
may as well try to write it as an extension of Oz by the pullback of a line bundle 
iV on B. To do this we need a class i? 1 (7r*A r ) whose restriction to every fiber is 
non-trivial. That is to say, we need an element in H 1 {tt* N) whose image under the 
natural map if) in the Leray spectral sequence (which is an exact sequence in this 
case) 

H^tt^N) -» H^^N) Jf^Tr.Tr'JV) -» H 2 (tt*tt* N) 

is a nowhere zero section of ^ir^^N. Of course, ir«ir*N = N and i? 1 7r*7r*iV = 
N (S> R lr K^Oz = N <gi L~ x . Thus if there is to exist a nowhere vanishing section of 
i/°(i? 1 7r*7r* iV), it must be the case that N = L. But we also need the condition that 
the map i/ 1 (7r*L) — > H°(L(g)L^ 1 ) = H°(Ob) is surjective. This is not immediately 
obvious from the spectral sequence since there is no reason for H 2 (B; L) to vanish. 
Nevertheless, it follows from our construction of V Qy o that the map tp is onto in the 
case N = L. Finally, the set of possible extensions is a principal homogeneous space 
over H 1 (B;L) 7 which is identified with the kernel of the natural map Pic(2a) — ► 
Pic£. 



5.7. Deformation to a reducible spectral cover. 
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For every choice of a rank n > dimB and for all sections A of V n -i which 
correspond to a sufficiently ample line bundle, we have constructed vector bundles 
Vam = VA, a {n). In this subsection, we try to relate the VA, a {n) for various choices 
of n. To this end, let H = "P™" 2 = F(O b © L~ 2 © • • • © C V n -i- We begin 

by considering what happens when the section A lies in the subbundlc H, but is 
otherwise generic. To insure that there are actually sections of H as opposed to 
just rational sections, it is reasonable to assume that n > dim_B + 2. A section 
A of H is given by a line bundle M and by n sections cto, . . . , <J n -i of M, M ® 
£~ 2 , . . . , M <g> L^" -1 ' which have no common zeroes. If M is sufficiently ample, 
the section A = Ao will then move in a family A t of sections of V n -\, by choosing a 
nonzero section a n of M ® L~ n and considering the family defined by the sections 
At = {cro, • ■ • , c„_i, ta n ). Roughly speaking, V^ 0;O (n) is obtained from the bundle 
V' of rank n — 1 corresponding to Ao, viewed as a section of V n -2- Along each 
fiber / we add a trivial Of factor to the restriction of V. This statement is correct 
as long as the restriction of V to the fiber does not itself contain an Of factor, 
or more generally a summand of the form Id{Of) for some d < n. The simplest 
possibility would be that VA a , a {n) is a deformation of Vam^ — 1) © Oz, but a 
calculation with Chern classes rules this out. Likewise, VA a , a {n) is not a deformation 
of VA, a {n— 1) ®n*N for any line bundle N on B. Instead, we shall see that VA Q ,a{n) 
is a deformation of a suitable elementary modification of VA, a {n— l)©7r*i a . Finally, 
we shall use the construction to check the Chern class calculations. 

To make this construction, it is best to begin by working universally again. 
We have the n-to-1 map v: T — > V n -i- Inside V n -i, there is the smooth divisor 
TL = V n -2- Now in T = T n -i there is a smooth divisor T' = 7^_ 2 defined by the 
diagram 

► £ > ir*ir*O z {n<r) > O z (na) > 



► £' ► n*TT»Oz((n-l)a) > O z ((n - l)a) > 0. 

We take T = ¥(£') C F(£) = T. The restriction of v to T defines the correspond- 
ing map T n -2 — * V n -2, and in particular v\T has degree n — 1. Clearly, we have 
an equality of smooth divisors in T: 

v*U = T' + r*a. 

The intersection T' n r*a is clearly the smooth divisor V n s C r*a = V n -2' : it lies 
over V n -3. A local calculation shows that T' and r*<r meet transversally at the 
generic point of V n -z and thus everywhere. Note that T\ = Z , r : 7{ —> Z is the 
identity, and the intersection of T\ and r*a in 1^ is a C Ti. This is compatible with 
the convention o = "Po = B. 

Let T> = T 1 Xb Z and, as usual, let F = r*a Xg Z. Then F is a smooth divisor 
and V is smooth away from the singularities of T Xg Z. The divisors T> and F 
meet in a reduced divisor V n -3 Xb Z. We thus have an exact sequence: 

-> O v+F ->o v ®o F ^ VnF -» 0. 

Tensoring the above exact sequence by the sheaf Orx B z(A — XU — olF), using the 
fact that AnF = H F, gives a new exact sequence 

-> O c+ f(A - S A - aF) Ox, (A - S A - aF) © F (-aF) -» Ox>nF(-aF) -» 0. 
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(In a neighborhood of F, A is Cartier, and so the above sequence is still exact.) Of 
course, F\F = —L\F. Now apply [y x Id), to the above exact sequence. To keep 
track of the ranks, we shall write U a (n) when we want to denote the appropriate 
vector bundle of rank n, and similarly for V Aja (n). (However, in the notation, 
VA, a {n — 1) will be a general rank (n — l)-bundle but Va i0 (ti) will be the special 
rank n bundle corresponding to a reducible section. Of course, this will not affect 
Chern class calculations.) We have: 

U a {n)\V n -2 x B Z^ U a (n - 1) © (L a \V n - 2 x B Z) -> L a \V n - 3 x B Z^0. 

Let A be a section of V n -\ lying in V n -i and otherwise general. Pulling back the 
above exact sequence via A, we get an exact sequence relating the special rank n 
bundle V Aja (n) with a general rank (n — l)-bundle VA, a (n — 1) obtained by viewing 
A as a section of V n -2- 

- V A>a (n) - VA,a(« - 1) © 7r*L a -» (7r*i a )|Z? - 0, 

where £) is the divisor in Z corresponding to V n -3^A. In particular I? is pulled back 
from B = A. Thus we have realized the special bundle VA, a (n) as an elementary 
modification of Va,o(" — 1) © n*L a along the divisor D. 

To calculate the cohomology class of D, note that the class of P n -3 in V n -2 is 
given by £ — (n — 1)L (by applying (4.15) with n replaced by n - 1), and so the 
class of D is given by p*([A] ■ (C - (n - l)i)). By (5.9), 

(5.22) [D] = a - (n - 1)L. 

For M sufficiently ample and A general, D is a smooth divisor, and we get VA, a (n) 
by an elementary modification of the direct sum VA. a (n — 1) ffi ir*L a along D. Here, 
of course, the surjection from VA t a(n — 1) to -n:*L a \D arises because on every fiber 
/ over a point of D, VA, a {n — 1) has a trivial quotient Of. 

Note that, assuming we are the range where the calculations are correct, we 
obtain an inductive formula for ch VA. a ( n ) : 

ch Vk,„(n) = chV A , a (n - 1) + ch(L a ) - ch(L a \D). 

Now from the exact sequence 

-> L a ® O z (-D) ^ L a ^ L a |L> 0, 

we see that ch(L a |L>) = ch(i a ) - ch(L a <8> O z (-£))), and thus using (5.22) 

ch Vk,„(n) = ch V A , a (n - 1) + e ( a +"- 1 ) L +«. 

Note that this is consistent with the formula given in (5.10) for ch Vam- 

This inductive picture must be modified for small values of n. For example, in 
case dim_B = 3, a general section in V 2 degenerates to a rational section of V\ plus 
some exceptional fibers, and there is a further problem in the passage from V\ to 
Vo = o. However, we will not discuss these matters further. 

5.8. Subsheaves of V and reducible spectral covers. 
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Proposition 5.23. Let V be a rankn bundle on Z whose restriction to every fiber 
is regular and semistable with trivial determinant. Then the spectral cover C = Ca 
associated to V is reduced and irreducible if and only if there is no subsheaf V C V 
whose restriction to the generic fiber is a semistable bundle of degree zero and rank 
r with < r < n, if and only if there is no quotient sheaf V" of V which is torsion 
free and whose restriction to the generic fiber is a semistable bundle of degree zero 
and rank r with < r < n. 

Proof. Clearly, V has a subsheaf V as in the statement of the proposition if and 
only if it has a quotient sheaf V" as described above. 

If C is not reduced and irreducible, then there is a proper closed subvariety 
C'cC which maps surjectively onto B and is finite of degree r, < r < n over 
B. We may assume that C is reduced. Let T" = T x b C be the corresponding 
subscheme of T = Ta- The surjection Ot — > Ot 1 and the fact that v = va is finite 
leads to a surjection 



V = (ux Id), [O t (A - Z A ) ® P*N] -^(vx Id), [CV(A - Va) ® P*N] = V". 

By construction, V" is a torsion free sheaf on Z of rank r with < r < n. Restrict 
to a generic smooth fiber 7r~ 1 (6) = Ef, of it such that the fiber of the projection 
C — » B has r distinct points e\, . . . , e r € E^ over b. By Lemma 5.6, the restriction 
of V" to Eb is a direct sum of the r line bundles OE b {&i —po), and in particular it 
is semistable (and in fact regular). 

Conversely, suppose that there is an exact sequence 



-» V -» V -» V" -» 0, 



where both V' and V" arc nonzero torsion free sheaves whose restrictions to a 
generic fiber are semistable. Let r' be the rank of V and r" be the rank of V". 
After restricting to a nonempty Zariski open subset of Z, we may assume that V 
and V" are locally free. Consider now the commutative diagram 



— » Tr'Tr.tV'giOzM) — > 7r*7r,(V(g>0z(<7)) — » 7r*7r*(F"®Oz((T)) — ► 







V e>z(<7) 



V" ® Oz(<t) 



0. 



By definition, C is the Cartier divisor which is the scheme of zeroes of det\E'. On 
the other hand, we clearly have det $ = det ^' ■ det If C is the scheme of 
zeroes of det and C" is the scheme of zeroes of det then C — C + C" on a 
nonempty Zariski open subset of Z. Furthermore, C maps to B with degree r' and 
C" maps to B with degree r", so that neither of C',C" is trivial. It follows that 
the restriction of C to a nonempty Zariski open subset of Z is either nonreduced 
or reducible, and so the same is true for C as well. □ 



Finally, let us remark that if V is merely assumed to be regular and semistable 
on a generic fiber, so that A(V) is just a rational section, the above proof still goes 
through. 
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6. Bundles which are not regular and semistable on every fiber. 

Let 7r: Z — > B be an elliptic fibration with dim_B = d, and let Eb = 7r _1 (6). 
In this section, we consider some examples of bundles V, such that detV has 
trivial restriction to each fiber, which fail to be regular or semistable on every fiber 
Eb. From the general principles mentioned in the introduction, it is reasonable to 
consider only those bundles whose restriction to the generic fiber is semistable. We 
shall further assume here that the restriction to the generic fiber is regular (this 
will exclude, for example, the tangent bundle of an elliptic fibration whose base B 
has dimension at least two). Thus, we shall consider bundles V such that, for a 
nonempty proper closed subset Y of B and for all y G Y, cither V\E y is unstable 
or it is semistable but not regular. There is an important difference between the 
case dim y = d — 1 and dimY" < d — 1. In the first case, V is not determined 
by its restriction to n~ 1 (B — Y) and can be obtained via elementary modifications 
from a "better" bundle (or reflexive sheaf). In this case, there is a lot of freedom in 
creating such V where V \E y is unstable along a hypersurface. By contrast, it is more 
difficult to arrange that V\E y is semistable but not regular along a hypersurface. If 
dim Y < d—1, then, since V is a vector bundle, it is determined by its restriction to 
w~ 1 (B — Y) and the behavior of V is much more tightly controlled by the rational 
section A(V) of V n -i- Here the case where V\E y is unstable for y G Y (as well as 
the case where V is reflexive but not locally free) corresponds to the case where 
A(V) is just a quasisection, i.e. where the projection A(V) — ► B has degree one 
but is not an isomorphism. The case where V\E y is semistable but not regular for 
y G Y corresponds to the case where there are singularities in the spectral cover 
Ca, and V is obtained by twisting by a line bundle on Ca\B — Y which does not 
extend to a line bundle on B. As will be clear from the examples, a wide variety 
of behavior is possible, and we shall not try to give an exhaustive discussion of all 
that can occur. 

6.1. Codimension one phenomena and elementary modifications. 

First we shall discuss the phenomena which occur in codimension one, and which 
amount to generalized elementary modifications. As will be clear, when we make 
the most general elementary modifications, we lose control in codimension two on 
B. Thus for example many of the constructions lead to reflexive sheaves which are 
not locally free. For this reason, we shall concentrate to a certain extent on the 
case dimi? = 1, which will suffice for the generic behavior in codimension one when 
dim B is arbitrary. 

The first very general lemma says that, locally, every possible bundle with a 
given restriction to the generic fiber arises as an elementary modification. 

Lemma 6.1. Let V be a vector bundle on Z whose restriction to every fiber Eb 
is semistable and whose restriction to the generic fiber is regular. Suppose that 
A(V) — A is the section of V n -i corresponding to V. Let 

Y = {b e B : V\E b is not regular}. 

Then Y is a Zariski closed subset of B. For every y G Y, there exists a Zariski 
neighborhood Q of y in B and a morphism ip: V^ol"" -1 ^) ~^ V^|7T — 1 (S~2) which is an 
isomorphism over a nonempty Zariski open subset of VI. Moreover, we can choose a 
if which extends to a homomorphism Va,o <8>7r*M _1 — > V, where M is a sufficiently 
ample line bundle on B. 
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More generally, suppose that V is merely assumed to have regular semistable 
restriction to the generic fiber, so that V\Eb may be unstable for some fibers. Then 
there exists a closed subset X of B of codimension at least two such that the section 
A{V) extends over B — X and, with Y as above, for every y G Y — X , there exists 
a Zariski neighborhood fl of y in B and a morphism ip: Va,oK _1 (^) ~^ l / |7r _1 (fi) 
which is an isomorphism over a nonempty Zariski open subset of CI. Finally, we 
can choose a p which extends to a homomorphism Va,o <8> 7r*M _1 — ► V\B — X , 
where M is a sufficiently ample line bundle on B — X . 

Proof. Let us first consider the case where the restriction of V to every fiber is 
semistable. In this case the section A = A(V) is defined over all of B. Consider 
the sheaf Tr*Hom(VA.o, V). On B — Y, this sheaf is locally free of rank n. On a 
sufficiently small open set 0, we can thus find a section <p of n*Hom(VA,o, V)\Cl 
which restricts to an isomorphism on a general fiber. Since this is an open condition, 
the set of points b G O such that p fails to be an isomorphism on Ef, is a proper 
Zariski closed subset of ft, as claimed. Finally if M is sufficiently ample, then 
ir*Hom(VA,o, V) <£) M is generated by its global sections. Choosing such a section 
which restricts to an isomorphism from Va,o <S> tt* M~ 1 \Ef ) to V\Ef, for a fiber Ef, 
defines a map p which extends to a homomorphism Va,o 8>tt* M _1 — > V, as claimed. 

In case V has unstable restriction to some fibers, the above proof goes through 
as long as we are able to define the section A(V). Now the rational section of V n -i 
defined by V extends to a closed irreducible subvariety of V n -i, which we shall also 
denote by A{V) = A. The morphism p\A: A — > B is birational, and thus over the 
complement of a codimension two set X in B it is an isomorphism. Thus A is a 
well-defined section over B — X, and so defines a bundle Va,o over tt~ 1 (B — X). 
We may then apply the first part of the proof. □ 

Let V be a vector bundle on Z whose restriction to the generic fiber Ef, is 
semistable. Let 

Y = { b G B : V\E b is not semistable }. 

Then Y is a Zariski closed subset of B. Suppose that W — 7r _1 (F) C Z. We can 
restrict V to the elliptic fibration W — > Y. For simplicity, we shall assume that 
W is irreducible (otherwise we would need to work one irreducible component at a 
time). By general theory, there exists a torsion free sheaf S over W and a surjection 
V\W — > S, such that at a generic point w of W, the map V\E W — > S\E W is the 
maximal destabilizing quotient of V\E W . Let i: W — > Z be the inclusion and let 
V be the kernel of the surjection V — ► i*S. If W is a hypersurface in Z, i.e. if Y is 
a hypersurface in B, then V' is a reflexive sheaf. However, if W has codimension 
greater than one, V fails to be reflexive, and in fact (V') vv = V. 

For example, if dim B = 1, W is a finite set of points. Choosing one such point w, 
we have that V\E W is unstable. Let Q be the maximal destabilizing quotient sheaf 
for V\E W , and suppose that degQ = e < 0. Then V fits into an exact sequence 

-> V V i«Q -> 0, 

where i is the inclusion of the fiber E w in Z. Such elementary modifications of V 
are allowable in the terminology of [4] , [5] . As opposed to the general construction 
of (6.1), allowable elementary modifications are canonical, subject to a choice of an 
irreducible component of W. For the above allowable elementary modification over 
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an elliptic surface, we have 

c 2 (V')=c 2 (V) + e<c 2 (V). 

Thus an allowable elementary modification always decreases c 2 . 

Lemma 6.2. A sequence of allowable elementary modifications terminates. The 
end result is a torsion free reflexive sheaf V such that the set 

{b G B : V'\Eb is not semistable} 

has codimension at least two. 

Proof. We shall just write out the proof in the case dimB = 1. In this case, by 
(6.1), we can fix a bundle Vq = Va,o ® k*M~ x for some section A, together with 
a morphism (p : Vq — * V which is an isomorphism over a general fiber. Thus det ip 
defines an effective Cartier divisor, not necessarily reduced, supported on a union 
of fibers of ir. Denote this divisor by D. Clearly D is the pullback of a divisor d 
on B, and thus has a well-defined length £, namely the degree of d. We claim that 
every sequence of allowable elementary modifications has length at most I. This is 
clearly true if I = 0, since then Vo — ► V is an isomorphism and every fiber of V 
is already semistable. Since a sequence of allowable elementary modifications will 
stop only when the restriction of V to every fiber is semistable, we will get the 
desired conclusion. 

Let V be an allowable elementary modification of V at the fiber E w . We claim 
that (p factors through the map V' — > V. In this case, it follows that E w is in the 
support of D. Thus, if ip' : Vq — > V is the induced map, then (det<//) = D — E w , 
which has length I — 1, and we will be done by induction on the length I. It suffices 
to prove that the induced map Vq — > i*Q is zero in the above notation. Equivalently, 
we must show that the induced map Vq\E w — > Q is zero. But Vo\E w is semistable 
and deg Q < 0, and so we are done. □ 

As a corollary, we have the following Bogomolov type inequality: 

Corollary 6.3. Let V be a vector bundle on Z such that the restriction of V to 
a generic fiber Eb is regular and semistable. Suppose that dim£? = d. Then, for 
every ample divisor H on B, c 2 (V) ■ Ti*H d ^ 1 > 0. Moreover, equality holds if and 
only if V is semistable in codimension one and the line bundle M corresponding 
to the rational section A(V) is a torsion line bundle. Finally, M is a torsion line 
bundle if and only if either the rational section A(V) — o or L is a torsion line 
bundle and M is a power of L. 

Proof. We may assume that H is very ample. By choosing a general curve which 
is a complete intersection of d — 1 divisors linearly equivalent to H, we can further 
assume that dimi? = 1, and must show that c 2 (V) > 0. Since an allowable elemen- 
tary modification strictly decreases c 2 , we can further assume that the restriction of 
V to every fiber is semistable. Choose a nonzero map Vo — > V, where Vo is regular 
semistable on every fiber. Defining Q by the exact sequence 

Q is a torsion sheaf supported on some (possibly nonreduced) fibers whose restric- 
tion to a b G B has a filtration by degree zero sheaves on Eb. It then follows 
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that C2(V) — C2(Vo). Now if M is the line bundle corresponding to the section 
A(V) of V n -i, then by (5.15) c 2 (Vo) = dcgM. On the other hand, at least one of 
M,M ® L~ 2 , . . . , M ® L~ n has a nonzero section. Thus, for some i = 0, 2, . . . , n, 
degM > idegL. Now degL > 0, and degL = only if L is a torsion line bundle. 
Thus, degM > 0, and degM = only if i = 0, in which case M is trivial, or L is 
torsion and there is a nowhere vanishing section of M ® L~\ In all cases M is a 
torsion line bundle and we have proved the statements of the lemma. □ 

Remark. (1) If C2(V) ■ir*H d ~ 1 = above, in other words we have equality, it follows 
that the rational section A(V) is actually a section. 

(2) If A is a rational section and A ^ o, we get better inequalities along the lines 
of 

c 2 {V)-iT*H d - 1 > 2L-H d -\ 

since we must have nonzero sections of M ® L~ l , i = 0, 2, . . . , n for at least two 
values of i. If A is a section, then except for a small number of exceptional cases 
we will actually have c 2 (V) ■ n*H d - x > (d + l)L ■ H d ~ x . 

The process of taking allowable elementary modifications is in a certain sense 
reversible: we can begin with a bundle Vq such that the restriction of Vq to every 
fiber is semistable and introduce instability by making elementary modifications. 
Let us first consider the case where dimB = 1. At the first stage, fixing a fiber Ej, 
and a stable sheaf Q on Eb of positive degree, we seek a surjection Vo\Eb — > Q. To 
analyze when such surjections exist is beyond the scope of this paper. However, 
in case V~o\Eb is regular and Q = Wk, then we have seen in Section 3 that such 
a surjection always exists; indeed, the set of all surjections is an open subset in 
Hom(V, Wk) which has dimension n. Note however that while allowable elementary 
modifications are canonical, their inverses are not. To be able to continue to make 
elementary modifications along the same fiber, we would also have to analyze when 
there exist surjections from V\Eb to Q, where V is a rank n bundle on Eb of degree 
zero, Q is a torsion free sheaf of rank r < n on Bj, and is larger than the 

maximum of fi(S) as S ranges over all proper torsion free subsheaves of V\Eb. 

In case dim.B > 1, further complications can ensue in codimension two. For 
example, suppose that Vq has regular semistable restriction to every fiber of n. 
Let D be a divisor in B and let W = n^ 1 (D), with n' = n\W. Even though 
we can find a surjection V\Ef, — ► Wk for every b G D, we can only find a global 
surjection V\W — > Wk <8> (ir')*N, for some line bundle N on D, under special 
circumstances. We can find a nonzero such map in general, but it will vanish in 
general in codimension two, leading to a reflexive but not locally free sheaf. 

We turn next to the issue of bundles which are semistable on every fiber, but 
which are not regular in codimension one. It turns out that we do not have the 
freedom that we did before in introducing instability on a fiber; there is a condition 
on the spectral cover in order to be able to make a bundle not be regular. (See 
[3], [6] for the rank two case.) We shall just state the result in the case where 
dim_B = 1. The result is that, if the spectral cover is smooth, it is not possible to 
create a non-regular but semistable bundle over any fiber. 

Proposition 6.4. Let dim_B = 1 and let V be a vector bundle over Z whose 
restriction to every fiber is semistable and whose restriction to the generic fiber is 
regular. Let A = A(V) be the corresponding section and C — Ca be the spectral 
cover. LfbeB and C is smooth at all points lying over b G B, then V\Eb is regular. 
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Proof. Using Lemma 6.1, write V as a, generalized elementary modification 

where Vb is regular and semistable on every fiber, and Q is a torsion sheaf supported 
on fibers. Looking just at the part of Q which is supported on Ef,, this sheaf (as a 
sheaf on Z) has a filtration whose successive quotients are direct images of torsion 
free rank one sheaves of degree zero on Ef,. By induction on the length of Q, as 
in the proof of Lemma 6.2, it will suffice to show the following: if Vb has regular 
semistable restriction to Ef, , if i : Ef, —> Z is the inclusion, and if C is smooth over 
all points lying over b, then for every exact sequence 

o^v -»v-»u-»o, 

where A is a rank one torsion free sheaf on Ef, of degree zero, V\Ef, is again regular. 
After shrinking B, we can assume that Vo is regular everywhere and that Vb — > V 
is an isomorphism away from b. 

It will suffice to show that V v \Ef, is regular. There is the dual exact sequence 

V v -> V V -► i.A -1 -» 0. 

By assumption, dimHom(VJ 3 v , i*A _1 ) = dimHom(V v |£'b, A^ 1 ) = 1. Thus there is 
a unique possible elementary modification. On the other hand, there is a unique 
point b' e C lying above b and corresponding to the surjection V^\Ef, — > A -1 . 
Since by assumption b' is a smooth point of C, it is a Cartier divisor, and the 
ideal sheaf of b' is the line bundle Oc(-b'). Now we know that V V is of the form 
(y x Id), [O c (A - E) ® p*iV] = Va.oIN] for a line bundle TV on C. Let i 1 be the 
inclusion of the fiber over b' (which is just Ef,) into T. Applying [y x Id), to the 
exact sequence 

-► O c (A -Z)® P *(N® Oc(-b')) -» O c (A - S) ® P*^ ^ («')*^ _1 -» 0, 
we get an exact sequence 

-» Vk,o[JV ® Oc(-6')l -» C - 1 -» 0. 
By the uniqueness of the map Vq 7 — > i»A _1 , it then follows that 

V v = V Afi [N ® O c {-b')] 

and in particular it is regular. Thus the same is true for V . □ 

Remark. (1) Of course, Proposition 6.4 gives conditions in case dimi? > 1 as well. 
(2) The condition that C is singular at the point corresponding to b and Vb — ► A 
is not a sufficient condition for there to exist an elementary modification such that 
the result is not regular over Ef,. 

6.2. The tangent bundle of an elliptic surface. 

As an example of the preceding discussion, we analyze the tangent bundle of an 
elliptic surface. Let 7r: Z — > B be an elliptic surface over the smooth curve B, with 
g(B) = g. We suppose that Z is generic in the following sense: Z is smooth, the 
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line bundle L has positive degree d, so that the Euler characteristic of Z is 12c?, all 
the singular fibers of tt are nodal curves (and thus there are 12d such curves), and 
the j-function B — > P 1 has generic branching behavior in the sense of [6, p. 63]. 
The assumption of generic branching behavior implies that the Kodaira-Spencer 
map associated to the deformation Z of the fibers of 7r is an isomorphism at the 
curves with j = 0, 1728, oo and that the Kodaira-Spencer map vanishes simply 
where it fails to be an isomorphism. By the Riemann-Hurwitz formula, if b is equal 
to the number of points where the Kodaira-Spencer map is not an isomorphism, 
then b = lOd + 2g - 2 [6, p. 68]. 

Quite generally, we have the following lemma: 

Lemma 6.5. Let ir: Z — > B be a smooth elliptic surface, and suppose that V is a 
a vector bundle on Z whose restriction to a general fiber is li ■ Then there is an 
exact sequence 

-> n*Mi -> V -> tt*M 2 <g> I x -> 0, 

where Mi and M 2 are line bundles on B and X is a zero- dimensional local complete 
intersection subscheme of Z. Here detV — tt*(Mi ® M 2 ) and C2(V) = i(X). 

Proof. By assumption, tt^V — Mi is a rank one torsion free sheaf on B, and thus 
it is a line bundle. We have the natural map ip: tt*tt*V — n*Mi — ► V. If this map 
were to vanish along a divisor, the divisor would have to be a union of fibers. But 
this is impossible since the induced map 

7r»7T*Ml = Mi -> n*V = Ml 

is the identity. Thus ip only vanishes in codimcnsion two. The remaining statements 
are clear. □ 

Of course, in the case of the tangent bundle, we can identify this sequence pre- 
cisely as follows: 

Lemma 6.6. With tt: Z — > B a smooth elliptic surface as before, there is an exact 
sequence 

-► T z/B -^T z ^ tt*T b ®I X ^0. 

Here T z / B = L^ 1 is the sheaf of relative tangent vectors and Ix is the ideal sheaf 
of the 12d singular points of the singular fibers. 

Proof. Begin with the natural map T z — > tt*T b . This map is surjective except at 
a singular point of a singular fiber, where it has the local form 

d d d 

hi- 1- /i 2 7T— i-» {z 2 h\ + zih 2 )^-. 

OZi OZ2 Ot 

Thus the image of T z in ir*T B is exactly n*T B ® Ix- The kernel of the map T z — ► 
tt*T b is by definition T z / B , which can be checked directly to be a line bundle in 
local coordinates. Moreover, T z / B is dual to K z /b = L, and thus T z / B = L . □ 

Corollary 6.7. If E is a singular fiber of it, there is an exact sequence 

-» n„0 E -» T Z \E -» m x -» 0, 
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where n: E — > E is the normalization and x is the singular point of E. In particular 
Tz\E is unstable. If E is a smooth fiber where the Kodaira- Spencer map is zero, 
then T Z \E ^ O e ® O e . For all other fibers E, T Z \E = I 2 . 

Proof. If E is a singular fiber, then by restriction we have a surjection Tz\E — > m x . 
The kernel must be a non-locally free rank one torsion free sheaf of degree one, and 
thus it is isomorphic to n r O E . For a smooth fiber E, restricting the tangent bundle 
sequence to E gives an exact sequence 

0^O E ^T z \E^O E ^0, 

such that the coboundary map 

9: H"(O e ) = H°(N E/Z ) - H\O e ) = H\T E ) 

is the Kodaira-Spencer map. This map is nonzero, then, if and only if Tz\E = I 2 , 
and it is zero if and only if T Z \E = O e © O e . □ 

To go from T z to one of our standard bundles, begin by making the allowable 
elementary modifications along the singular fibers, by taking V to be the kernel of 
the induced map T z — > x (i x )*m x . Here the sum is over the the singular points, 
i.e. the x <E X, and i x is the inclusion of the singular fiber containing x in Z. 
Note that C2(V) = 0, so that no further allowable elementary modifications are 
possible, and the restriction of V to every fiber is semistable. Let F be the union 
of the singular fibers. Thus as a divisor on Z, F = ir*f, where f is a divisor on B 
of degree 12d which is a section of L 12 . If I E is the ideal of F, then there is an 
inclusion I F C Ix an d thus an inclusion ir*T B (g> I F C n*T B (g> I x . Clearly V is 
the result of pulling back the extension T z of n*T B ® I x by L~ x via the inclusion 
it*Tb <8> If C it*Tb ® Ix- Thus there is an exact sequence 

-► ^L- 1 —>V'—> tt*{T b ® Os(-f)) -» 0. 

Taking the map 

ExtV'Tn ® If, = H 1 ^*^ 1 ® O z {F) ® L' 1 ) 
-» H^R^i-K*^ 1 ® Oz(-F) ® i- 1 )) = if °(.B; X B ® i" 2 ® B (f)), 

and using the fact that Os(f ) — i 12 , we see that the extension restricts to the trivial 
extension over a section of K E ® L 10 , and thus at 10c? + 2g — 2 points, confirming 
the numerology above. Note that the passage from to V' was canonical. 

Next we want to go from V to a bundle Vb which is regular semistable on 
every fiber, and thus is isomorphic to I 2 on every fiber. We claim that a further 
elementary modification of V 1 will give us back a bundle which restricts to I 2 on 
every fiber. Quite generally, suppose that V is given as an extension 

-► TT-i! -fV'-t TT*L 2 0, 

where the image of the extension class in H°(B; L^ 1 <8> L\ <8> i" 1 ) vanishes simply 
at k points x\,...,Xk- After twisting V by the line bundle ^L^ 1 , we may assume 
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that L2 is trivial. Thus in the case where we began with the tangent bundle, and 
after relabeling V, we wind up with a bundle V which fits into an exact sequence 

-» 7T*Ll -> V -► O z 0, 

where ii = Kb®L u . The extension class for V defines an element of H 1 (Z; n*Li). 
Via the Leray spectral sequence, there is a homomorphism from H (Z;tt* L\) to 
H°{B;R 1 ir :t Oz®L 1 ) = H a (B; Li<g>L _1 ). Thus there is a section of L 1 (giL' 1 , well- 
defined up to a nonzero scalar, and it defines a homomorphism ir*L — > 7r*Li and 
thus a homomorphism 7J 1 (7r*L) — > H 1 (tt*Li). Consider the commutative diagram 

H X (B;L) ► H^tt'L) ► ff^flW L) = H (O B ) 



^(B-Lx) ► H^tt*^) ► H n {R 1 Ti^*L 1 )=H {L 1 ®L- 1 ). 

The induced map H°(Ob) — ► H°(L\ ® is just the given section of £1 (g> IV 1 . 
We have seen in §5.6 that there is a class £ £ iJ 1 (7r*i) mapping to 1 £ H°(Ob)- 
Since the map H 1 (B; L) — > H 1 (B; L\) is surjective, we can modify £0 by an element 
in H 1 (B; L) so that its image in iJ 1 (7r*Li) is the same as the extension class for 
V, and the resulting element £ of _ff 1 (7r*i) is unique up to adding an element of 
the kernel of the map H 1 ^; L) — > H 1 (B; L\). Let Vo be the extension of 0z by 
7r*i corresponding to £. Thus Vb is some bundle of the form V^o[-V]- There is an 
induced map of extensions 

► tx*L x ► V ► Oz ► 



> 7r*Li > V <8> ir*(L 1 <g> i" 1 ) > tt* (L 1 ® i" 1 ) > 0. 

Thus there is an exact sequence 

^F o ®7r*( J Li® J L- 1 )^00^ i -fO, 

and we have realized the tangent bundle as obtained from Vb by elementary modi- 
fication and twisting. 

Of course, we can construct many other bundles this way, starting from Vo, not 
just the tangent bundle. Begin with Vb which has restriction I2 to every fiber. 
Normalize so that there is an exact sequence 

-> tt*L V -> Cz 

as in §5.6. Here L = 7r»Vb. The bundle 7r*L is destabilizing. Choose r fibers E Xi 
lying over Xi e £>, where we make elementary modifications by taking the unique 
quotient Ob x . of Vo\E Xi . The result is a new bundle V. The subbundle ir*L still 
maps into V' , in fact we continue to have Z/ = 7r*V', and the quotient is tt*Ob(— r), 
where r is the divisor YV of degree r on £>. The bundle V is the pullback of the 
extension V by the morphism tt*O b (— r) — ► tt*Ob- In particular, by reversing the 
arguments above, we see that the restriction of the extension to E Xi becomes split. 
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Thus V'\E Xi = Ex . © Ex and the restriction of V to all other fibers is J 2 . Note 
that tt*L continues to destabilize V'. 

Choose s fibers lying over points yj £ B distinct from the Xi, and let s be the 
divisor y\ yj . Choose rank one torsion free sheaves pij on E Vj of degree dj > 
and surjections from J 2 to fij. (Such surjections always exist.) Take the bundle 
V defined to be the kernel of the given surjection V — > ® ■ [ij . Now dct V = 
(d — r — s)f and c 2 (V) = X^ deg/U/. The bundle n*L no longer maps into V, 
since the composed morphism w*L\E y . — > /ij is nontrivial for every j. In fact, 
7r*(L ® Ob{— s)) maps to V, and 7r*V" = L <g> Ob{s). Note that this subbundle 
fails to be destabilizing exactly when 2(d — s) < d — r — s, or equivalently d + r < s. 
In this case, for a suitable ample divisor H as defined in [6], V is if-stable. 

5.5. Quasisections and unstable fibers. 

For the rest of this section, we shall assume that V is regular and semistable 
in codimension one and consider the phenomena that arise in higher codimcnsion. 
Over a Zariski open subset of B, we have defined A(V), and it extends to a subva- 
riety of V n ~i mapping birationally to B, in other words to a quasisection of V n -\- 
Of course, if the restriction of V to every fiber is semistable, then A(V) is a section. 

Question. Suppose that V is a vector bundle over Z and that there exists a closed 
subset Y of B of codimension at least two such that, for all b £ Y, V\Eb is 
semistable. Suppose further that A(V) is actually a section. Docs it then follow 
that V\E b is semistable for all b E B? 

For the remainder of this subsection, we shall assume that A(V) is an honest 
quasisection, in other words that the morphism A(V) — > B is not an isomorphism, 
and see what kind of behavior is forced on V. For example, if n < dim 5, then 
with a few trivial exceptions there are no honest sections of V n -\ and we are forced 
to consider quasisections. We will analyze the case where dimi? = 2 and see 
that two kinds of behavior are possible: either V has unstable restriction to some 
fibers or V fails to be locally free at finitely many points Z. For example, suppose 
that 1 < d < n — 1 and consider Va,i-<i, defined over the complement of a set of 
codimension 2 in B. Then as we have seen in §5.2, VA,i-d is given as an extension 
of Wn-d^^iM^ 1 ®L) by This extension extends over B, but it induces the 
split extension of W n -d by wherever the section of V n <8> M vanishes. 

Assume that dim B — 2 and let s be a section of V n ® M which vanishes simply 
at finitely many points, but which is otherwise generic. The corresponding quasi- 
section A = A(V) will contain a line inside the full fiber of V n -i at these points, 
which is a P™ _1 , and will simply be the blowup of B over the corresponding points. 
Pulling back the P" _1 -bundlc V n -i by the morphism A — > B, we get an honest 
section over A. Let Z = Z x b A. Clearly Z is the blowup of Z along the fibers 
over the exceptional points of B, and the exceptional divisors of Z — > Z are of the 
form P 1 x Eh, where the P 1 is linearly embedded in the P" _1 fiber. The section A 
of V n -i x b A defines a vector bundle Li a — > Z for every a G Z. To decide what 
happens over the exceptional points of B, we need to understand the restriction 
of U a to the exceptional fibers P 1 x E^. Of course, this is just the restriction of 
the universal bundle U a defined over P™ _1 x E}, to the subvariety P 1 x E^. Thus 
we need to know the restriction of U a to P 1 x {e}. We shall be able to find this 
restriction in case — (n — 2) < a < 1, but for arbitrary a we shall further need to 
assume that the P 1 is a generic line in P" _1 . 
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Proposition 6.8. Let E be a smooth elliptic curve and let e G E. Suppose that 
-(n-2) <a< 1. Then 

I O r n-i © nj n _i, if a = 1 and e = po, 

where fip„_i is ffce cotangent bundle o/P™ -1 . 

Proof. Let i e be the inclusion of P™" 1 in P™" 1 x E via the slice P™" 1 x {e}. Then 

i* e {v x Id), (A — G — aF) = v*0 T {F e - aF Po ) = v*r*<D E (e - apo). 

Set d = 1 — a, then U a — U(d) <x> irlO r n-i (— 1). Thus, for e £ E, the restriction of 
tt^Wj to P n_1 x {e} is trivial, and similarly for ir%W n -d, and the defining exact 
sequence 

-> T^W^ -»[/„-> 7T^W„_ d © 7TlOp»-i(-l) ~> 

restricts to the exact sequence 

-> OjL-, -» igP"" 1 x {e} -» P „-i(-l)"- d -» 0. 

Since Ext^CV-i ) = ff^Opn-i = 0, this extension splits 

and we see that 

C4IP"- 1 x {e}SO^_ 1 eOp»-i(-l) n -'' 



o^ 1 ©o P »-i(-i) n+ °- 1 . 



Now suppose that o = 1. In this case [/i|P™ _1 x {e} = v*r*OE(e — Po), and thus 
/^(C/ilP™ -1 x {e}) is zero if e ^ p and one if e = p - We have the elementary 
modification 

-» [/ilP™- 1 x {e} -» [/ |P" _1 x {e} -» O ff -> 0, 

where iiris a hypcrplanc in P" _1 . Thus we may write 

0^ t/xlP"- 1 x {e} -» Op-ieOp-if-l)"- 1 -> O ff -» 0. 

Clearly /i°(J7i |P" _1 x {e}) = if and only if the induced map O pn -i -> O ff is 
nonzero, or equivalently onto. In this case, we can choose a summand O r n-i of 
P n-i © O rn -i(-l) n - 1 such that the map O r n-i © O pn -i ->■ O h is zero 

on the factor 0p n -i(— and is the obvious map on the first factor. Thus the 
kernel is C P „-i (-1)™. 

In the remaining case, corresponding to e = po and a = 1, the map O pn -i © 
Opn-i (— — ► 0# is zero on the first factor. Now i7 = P™~ 2 , and modulo 
automorphisms of Opn-i (— there is a unique surjection Opn-i (— — > 0# . 
We must therefore identify the kernel of this surjection with fip„_i. Begin with the 
Euler sequence 

n 

n pn -l 0O P n-l(-l) Opn-1 -> 0. 

i=l 
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After a change of basis in the direct sum, we can assume that the right hand map 
restricted to the n th factor vanishes along H. Thus there is an induced surjection 

n-l 

00pn- 1 (-l) - P n-l/(V-l(-l) = H 

i=l 

whose kernel is fi£ n _i, as claimed. □ 

We remark that, in case dimi3 is arbitrary, a = 1 and A is a quasisection 
corresponding to a simple blowup of B, then one can show directly from (6.8) that 
Va.i does not extend to a vector bundle over Z. 

When we are not in the range — (n — 2) < a < 1, we do not identify explicitly 
the bundle U a \$' n ~ 1 x {e}, except in case n = 2. However, the next result identifies 
its restriction to a generic line. 

Proposition 6.9. Let I = P 1 be a line in P", and suppose that £ is not contained 
in any of the one- dimensional family of hyperplanes H e . Write a = a' + nk, where 
-(n-2) < a' < 1. Then 

U a \£ xE = (U a , ^irlOpii-kj^P 1 x E. 

In particular 

U \l x \e\ = { °^- k ^ a ' ® °^- k - 1)"- 1+Q \ if a' + \ore+ p ; 

I 0™r 2 (-fc-l)©0pi(-fc)©0 P i(-fc-2), ifa' = lande= Po . 



Proof. Let C be the preimage of I in T. If I is not contained in any of the hy- 
perplanes H e , then it will meet each H e in exactly one point. Thus the map 
r\C: C — ► E has degree one, and F po ■ C = Po- We claim that, under the mor- 
phism v. E — ► P 1 , pulls back to £ (np o ) = nF po |C. To sec this, let 

= (£ PicT. Then the class of lies in C" _1 - Now T = F£ with 
ci(f) = -np Q . Thus, in J 4™ _1 (T), 

C"- 1 =r*(np )-C 1 - 2 - 

Hence C|C = r*(np )|C = nF po \C. 

Write a = a' + nfc with -(n - 2) < a' < 1. Then 

{vxId)*O Cx E(A-G-aF P0 ) = 
= {yx Id), (Ocxe(A - G - a'F po ) ® ^O B (-nfcp )) 
= (i/ x Id), (Ocxb(A - G - a'F P0 ) ® (i/ x Id)*O pl (-fc)) 
= (i/ x Id),G CxB (A - G - a'F P0 ) ® <Opi (-*;), 

proving the first claim. The second statement follows from the special case — (n — 
2) < a < 1 proved in (6.8), and the well-known fact (which follows from the 
conormal sequence) that O pn _! IP 1 = O r i (-1)™" 2 © C P i (-2). □ 

Now we can analyze what happens to Va ;0 when dim B = 2 and A is a quasi- 
section, under a slight genericity condition on A, generalizing the case (for dimi? 
arbitrary) where — (n — 2) < a < 0: 
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Theorem 6.10. Suppose that dim.B = 2. Let A be a quasisection of V n -i, and 
suppose that a ^ 1 mod n. Suppose that A is smooth and is the blowup of B at 
a finite number of points b\, . . . ,b r , and that the image of the exceptional P 1 is 
a generic line in the fiber P n_1 as in (6.9), in other words it is not contained 
in one of the hyperplanes H e . Then the rank n bundle VA, a , which is defined on 
Z — [j i E\ >i , extends to a vector bundle over Z, which we continue to denote by 
Vam- The restriction of Vam to a fiber E^ is the unstable bundle W d © W n ~d, 
where a = a' + nk with — (n — 2) < a' < 1, and d = 1 — a! . 

Proof. By assumption, A is the blowup of B at a finite number of points b\, . . . , b r , 
where the quasisection A contains a P 1 lying in the P"~ 1 -fiber of p: V n -\ — » B. As 
we have defined earlier, let Z = Z Xg A, so that Z is a blowup of Z at the fibers 
E^. Let Di = P 1 x Ef )i be the exceptional divisor of the blowup q: Z — > Z over 
E^. There is a section of B — > A corresponding to the inclusion of A in V n -i, 
and hence by pulling back U a there is a bundle corresponding to A, which we shall 
denote by V. Using (6.8) and (6.9), the restiction of V to an exceptional divisor 
Di = P 1 x Eb t , which is the same as the restriction of U ai namely U a , fits into an 
exact sequence 

-» 7T* W y d © 7t*O p i (-jfe + 1) -► V\ Di -» tt| W n - d ® ^Opi (-jfe) -► 0. 

Make the elementary modification along the divisor Di corresponding to the sur- 
jection V\Di — > w%W n -d ® ^Opi (— fc). The result is a new bundle V' over Z, such 
that over D t we have an exact sequence 

-f ttJ W„_ d © tt*cV (-jfc + 1) -► V"| Di -► it; W y d <g> TrJOpi (-jfe + 1) -> 0. 

Now, since if 1 (£;,,; W d <g> W„_ d ) = tf^Cp 1 ) = 0, it follows from the Kiinneth 
formula that 

Ext^Tr* W y d <g> ttJcV (-jfe + 1), 7r|W n _ d © (-jfe + 1)) = 0. 

Thus V <g> £>z(-( fc + !)A)|A = ^(W/ © VK„_ d ). It follows by standard blowup 
results that q*V' <S> 0^(—{k + 1) J^i A) is locally free on Z and its restriction to 
each fiber E^ is W d © W n - d . This completes the proof. □ 

Finally we must deal with the case a = 1 mod n. 

Theorem 6.11. Suppose that dim_B = 2. Let A be a quasisection ofV n -i, and 
suppose that a = 1 mod n. Suppose that A is smooth and is the blowup of B at 
a finite number of points bi, . . . , b r , and that the image of the exceptional P 1 is a 
generic line in the fiber F"^ 1 as in (6.9), in other words it is not contained in one of 
the hyperplanes H e . Then the rank n bundle Vam, which is defined on Z — (J - E^, 
extends to a reflexive non-locally free sheaf on Z , which we continue to denote by 
Vam- The sheaf Va,o is locally free except at the points a n E^. Near such points, 
Va.o, has the local form 

R n - 2 © M, 

where R = C{z\, Z2, Zs}, and M is the standard rank two reflexive non-locally free 
sheaf given by the exact sequence 



-> R -> R 3 -> M 0, 
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where the map R — > R 3 is given by 1 i— > (z\,z 2 , Z3). 

Proof. We shall just work near a single fiber Ej, = E bi for some i. Thus let Z 
be the blowup of Z along L7 b , with exceptional divisor D = P 1 x E b . The basic 
birational picture to keep in mind is the following: if we blow up the subvariety 
P 1 x {Po} C D, we get a new exceptional divisor Di in Z\ = Blpi x { po } Z. Here 
Di = V(0 P i © P i(-l)), and so L>i is isomorphic to the blowup Fi of P 2 at one 
point. The proper transform D 1 of D in Z\ meets D \ along the exceptional divisor 
in D\, and can be contracted in Z\. The result is a new manifold Z 2 , isomorphic 
to the blowup of Z at the point a H Eb, where Di blows down to the exceptional 
divisor P in Z 2 . 

The quasisection A defines a section of the pullback of V n -\ to B, and thus a 
bundle V over Z, which we can then pull back to Z\. The next step is to show 
that, after appropriate elementary modifications, V corresponds to a bundle over 
Z2 whose restriction to P is just (Tp (g> Op(— 1)) © Op -2 , where Tp is the tangent 
bundle to P. Finally, a local lemma shows that every such bundle has a direct image 
on Z which has the local form M © R n ~ 2 . Since each of these steps is somewhat 
involved, we divide the proof into three parts. First we describe the basic geometry 
of the blowups involved. 

Let Z be the blowup of Z along Eb, with exceptional divisor D = P 1 x Eb- Let 
Z\ be the blowup of Z along P 1 x {po} C D, with exceptional divisor D\. Let D' be 
the proper transform of D in Z\. The divisor D\ = P(C P i ®O r i(— 1)) is isomorphic 
to Fi. Let j: D\ — > Zi be the inclusion and q: D\ — > P 1 be the morphism induced 
by projection from a point. Let £ = P 1 x {po} = D'C\D\, so that £ is the exceptional 
divisor in D\ viewed as the blowup of P 2 . Finally we let s: D\ — > P 2 be the blowup 
map. On a fiber P 1 x {e} with e ^ po, V ® 0^{—D') restricts to 0p l7 whereas it 
restricts on P 1 x {p Q } to Opi(l) © O r i(-l) © C"r 2 . Thus, if V is the pullback to 
Zi of V - (8) Oz(-D'), then Vb restricts on Di to [Opi(l) © Opi(-l) © Opr 2 ] . 

Claim 1. Let &e t/ie pullback to Z\ of V © O^(-D'). Make the elementary 
modification 

o^v' ^v ^j*<7*e>pi(-i)^o. 

T/ien V restricted to I is the trivial bundle O^. It follows that V'\D' is pulled back 
from the factor Eb . 

Proof. We have an exact sequence 

- V'\D' - K |D' -» i*0 P i(-l) -» 0, 

where we write j also for the inclusion of the fiber £ = P 1 x {p } in the ruled 
surface £)' = P 1 x Eb- By standard formulas for elementary modifications, it is 
straightforward to compute that c 2 (V'\D') = c 2 (V a \D') - 1. But c 2 (V a \D') = 
hnZlpo] — 1 by the formulas of §2.6. Thus c 2 (V'\D') = 0. Now by a sequence 
of allowable elementary modifications Vo\D' ,V'\D' = Vi, . . . ,V r , we can reach a 
vector bundle V r over D' whose restriction to every fiber P 1 x {e} is semistable and 
thus trivial; this happens if and only if V r is pulled back from the base, and so has 
c 2 = 0. But each allowable elementary modification along the fiber P 1 x {po} drops 
c 2 by a positive integer. Since V'\D' already has c 2 = 0, no further elementary 
modifications are possible. Hence V'\£ is already semistable and therefore trivial, 
and thus V'\D' is pulled back from Eb as claimed. □ 
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By construction, V'\£ is given as an extension 

o - Opi(-i) © o;r 2 -> v'\£ - ev (i) - o. 

Now Ext^OpiOO.CW-l) © Cpi" 2 ) = fl" 1 (Opi(-2)) = C, so there is a unique 
nonsplit extension of this type, which is clearly the trivial bundle O pl . 

Claim 2. With V as in Claim 1, the restriction of V to D\ is the pullback 
s *(T p2 (-l)©O p l 2 - 2 ). 

Proof. By definition, there is an exact sequence 

o -> g*[Opi(-i) © o;r 2 } © o Dl (-i>i) -> k'|Di - 9*0,1(1) -> 0. 

Next, a straightforward calculation shows that Oo^-fi) = Od^) © 9*Cp 1 (l)- 
Thus the extensions of q*O r i (1) by q* [O v i (-1) © O^ 2 ] ®<D Dl (-Di)) are classified 

by 

f 1 ^!;?*^^-!) © ojr 2 ] © <V (*)). 

It is easy to check that ^(D^Oo^i)) = and that h 1 (0 Dl (£)®q*0 P i(-l)) = 1. 
Thus the dimension of the Ext group in question is one, so that there just one 
nontrivial extension up to isomorphism. Note that V'\D\ is itself such an extension: 
it cannot be the split extension since the restriction of V'\Di to £ is trivial. Thus, 
to complete the proof of Claim 2, it will suffice to show that s*(T P 2(— 1) © 0p 2 -2 ) 
is also given as an extension of q*0 P i(l) by q*[0 P i(-l) © Opi -2 ] © Dl (-Di). It 
clearly suffices to do the case n = 2, i.e. show that s*T P 2(— 1) is an extension of 
<7*0 P i(l) by q*Opi(— 1), necessarily nonsplit since the restriction to i is trivial. To 
see this, note that T P 2(— 1) has restriction P i © O p i(1) to every line. Thus by the 
standard construction (cf. [11], p. 60) there is an exact sequence 

-» ¥l (£) ®q*0 P i(t) -► S*Tp 2 (-l) q*0 P i(l -t) -f 

for some integer By looking at C2, we must have t = and thus s*T P 2(— 1) is 
an extension of <7*0 P i(l) by Ow 1 {£), which is nonsplit because its restriction to £ is 
trivial. Thus we have identified V'\D 1 with s*(T p2 (-l) © O^ 2 ). □ 

Let Z-i be the result of contracting D' in Z\. This has the effect of contracting 
£ C D\ to a point, so that the image of D\ in Z2 is an exceptional P 2 , which we 
denote by P. Moreover, by the above claims V' induces a vector bundle on Z2 
whose restriction to P is identified with T P 2(— 1) © OpV 2 . Thus, the proof of (6.11) 
will be complete once we prove the following: 

Claim 3. Let X be a manifold of dimension 3 and let X be the blowup of X at 
a point x, with exceptional divisor P = P 2 . Suppose that W is a vector bundle on 
X such that W\P = T p2 (-1) © O™^ 2 . Let p: X -> X be the blowup map. Then 
p*W is locally isomorphic to M © R n ~ 2 in the notation above. In particular, p*W 
is reflexive but not locally free. 

Proof. We shall just do the case n = 2, the other cases being similar. By the 
formal functions theorem, the completion of the stalk of the direct image p*W at 
x is M' = hjn H°(W © O n p). Now from the exact sequences 

-» £> P 2(-1) -f 0% -► W\P -f 
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and the sequence 

-» W ® Ojf (-(n + 1)P) -> W ® {n+1)P -^W®O nP ^0, 

it is easy to check that the three sections of W\P lift to give three generators of M' 
as an i?-module. Hence there is a surjection — > p* p*W — > W, and by checking 
determinants the kernel is Oj^(P). Now up to an change of coordinates in C 3 the 
only injective homomorphism from O^-(P) to O 3 ^ is given by the three generators 
of the maximal ideal of C 3 at the origin. Taking direct images of the exact sequence 

O^Ox(P) ->0\ -^W ->{) 

and using the vanishing for the first direct image of O^-(P) gives M' = M as 
previously defined. So we have established Claim 3, and hence (6.11). □ 

We give a brief and inconclusive discussion of how the above constructions begave 
in families, assuming dim_B = 2 for simplicity Let D be the unit disk in C. Suppose 
that we are given a general family of nowhere vanishing sections s t of V n which at a 
special point t = acquires a simple zero at b e B. We can view the family s — {s t } 
as a section of the pullback of V n to B x D, where it has a simple zero at (6,0). 
Thus, for an integer a, there is a bundle V s , a over Z x D — {(b, 0)}, which completes 
uniquely to a reflexive sheaf over Z x D, which we continue to denote by V s . a . For 
example, if — (n — 2) < a < 0, then it is easy to see that V s>0 is a bundle over 
Z x D, whose restriction to Z x {0} is everywhere regular semistable except over 
Eb where it restricts to © W n -d for the appropriate d. One can ask if this holds 
for all a ^ 1 mod n. Note that, if we consider the relative deformation theory of 
the unstable bundle © W n -d over the base B, for n = 2 the codimension of the 
locus of unstable bundles forces every deformation of V to have unstable restriction 
to some fibers, whereas for n > 2 we expect that in the general deformation V t we 
can arrange that the restriction of Vt to every fiber is semistable. 

If a = 1 mod n, then V s , a is a flat family of coherent sheaves. However, there is 
no reason a priori why V s , a \Z x {0} is reflexive. In fact, preliminary calculations 
suggest that, for a = 1, the restriction V S , |Z x {0} has the local form M © m"~ 2 , 
where m is the maximal ideal of the point a (~l Eb- Note that the i?-module M is 
not smoothable, even locally but that R k © M is smoothable to a free i?-module 
for all k > 1. One can also show that the more complicated R- module m fe © M 
is smoothable to a free R- module for all k > 1. This agrees with the picture for 
sections of the bundle V„: for n = 2, if a section has a simple isolated zero, that 
zero must remain under deformation, but for n > 2 we expect in general that we 
can deform to an everywhere nonzero section in general. 

6.4- Bundles which are not regular in high codimension. 

In this subsection we consider bundles V such that V\Eb is semistable for all b, 
and Y = { b e B : V\Eb is not regular} has codimension at least 2 in B. The first 
lemma shows that, if the spectral cover Ca is smooth, then V is in fact everywhere 
regular. 

Lemma 6.12. Let V be a vector bundle over Z such that V\Eb is semistable for 
all b, and Y = {b G B : V\Eb is not regular} has codimension at least 2 in B. 
Suppose that the associated spectral cover Ca is smooth. Then V\Eb is regular for 
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all b G B. More generally, suppose that V is a vector bundle over Z such that 
Y = {b G B : V\Eb is either not semistable or not regular} has codimension at 
least 2 in B, that the section A defined by V over B — Y extends to a section over 
all of B, and that the associated spectral cover Ca of B is smooth. Then V\Eb is 
semistable and regular for all b G B. 

Proof. We have seen in (5.7) that there is a line bundle N on Ca — g^^X) such 
that V\Z — ir~ 1 (Y) = Va,o[^]- Since Ca is smooth, and g^iY) has codimension 
at least two in Ca, the line bundle N on Ca — 9a(Y) extends to a line bundle 
over Ca, which we continue to denote by N. We now have two vector bundles 
on Z, namely V and Va,o[-N], which are isomorphic over Z — 7r _1 (F). Since the 
codimension of n~ 1 (Y) in Z is at least two, V and V^ol^] are isomorphic. But 
Va,o[-W] restricts to a regular bundle on every fiber, and so the same must be true 
for V. □ 

We turn to methods for constructing bundles which are semistable on every fiber 
but which are not regular in codimension two. Of course, by the above lemma, the 
corresponding spectral covers will not be smooth. The idea is to find such bundles 
by using a three step filtration, as opposed to the two-step extensions which have 
used from Section 3 onwards in our constructions. Such constructions correspond 
to nonmaximal parabolic subgroups in SL n . 

Consider first the case of a single Weierstrass cubic E. We seek bundles of rank 
n + 1 which have a filtration C F° C F 1 C V, where F° ^ W%,F 1 /F° = O e , 
and V/F 1 = W n -k- Such extensions can be described by a nonabelian cohomology 
group as in [8]. However, it is also easy to describe them directly. Note that a 
fixed F 1 is described by an extension class ao in Ext 1 (O e ,W^) = H 1 (W^) = 
C. If a = 0, then F 1 = © O e , and if a + then F 1 = W^ +1 . Having 
determined F 1 , the extension F 2 corresponds to a class in Ext 1 (W„_fc, F 1 ). Since 
Hom(H / rl _fe, Oe) = Ext 2 (H / rl _fe, W^f) = 0, there is a short exact sequence 

-» Ext^Wn-fe.W^) - Ext^Wn-k.F 1 ) -» Ext^Wn-^Oe) - 0, 

and so dimExt 1 (H / rl _fc, F 1 ) = n + 1. Thus roughly speaking the moduli space 
of nitrations as above is an affine space C" +2 . In fact, by general construction 
techniques there is a universal bundle T over Ext^Ou.W^) x E = C x E. We 
can then form the relative Ext sheaf 

Extl^Wn-u,? 1 ) = R^i.toW^®? 1 ). 

It is a vector bundle of rank n + 1 over C, which is necessarily trivial, and thus 
the total space of this vector bundle is C n+2 . There is a universal extension of 
TT^Wn-k by T 1 defined over C" +2 x E. It follows that the set of nitrations is 
indeed parametrized by a moduli space isomorphic to C" +2 , although there is not 
a canonical linear structure. What is canonical is the exact sequence 

- Ext^Wn-k, W^) - C"+ 2 - Ext 1 ^, W/ fc v ) © Ext^WVfc, O e ) -» 0. 

We understand this sequence to mean that the first term, which is a vector space, 
acts on the middle term, which is just an affine space, via affine translations, and 
the quotient is the last term, which is again a vector space. Here the projection 
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to Ext^Ojj, W fe v ) © Ext^Wn-fc,^) measures the extensions F 1 of O e by 
and F/F of W n - k by £> E . We denote the image of £ e C"+ 2 in Ext 1 ^, W 7 ^) © 
Ext^WVfc, E ) = C © C by (a , ai). Here a ^ if and only if F 1 = VK fe v +1 and 
ai ^ if and only if V/F = W n - k+1 . In case a = 0, say, F 1 ^ W fe v © O e , 
and Ext^Wn-fe.F 1 ) naturally splits as Ext 1 (W n ^ k ,W^) ®Ext 1 (W n - k ,0 E )- In 
this case, both the class o.\ and the class e <E Ext (W n _fc, W 7 ^) are well-defined. A 
similar statement holds if a.\ = 0. Note that the affine space C n+2 parametrizes 
filtrations F l together with fixed isomorphisms F° -> VF fc v , F 1 /F° -> £> B , F/F 1 
W„_ fc . 

The subspace Ext 1 (W„_fc, W^ 7 ), namely where both a and ai vanish, corre- 
sponds to those V of the form V' © Oe, where V is an extension of W n - k by W 7 ^ 7 . 
There is a hyperplanc H in Ext 1 {W n ^k, W^) where such V contain a Jordan- 
Holder quotient isomorphic to Oe, and thus over the locus a = ol\ = 0, e 6 H, 
V = V' © 0£ has a subbundle of the form Oe © Oe- Hence, over a affine subspace 
of C™ +2 of codimension three, the V we have constructed are not regular. 

Lemma 6.13. Suppose that V corresponds to a class £ G C™ +2 , and i/ia£ «o,ai 
are as above. 

(i) V is unstable if and only c*oai = and e — (i/ws statement is well-defined 
by the above remarks). 

(ii) If a n ai ^ 7 i/ien ft°(V) = and conversely. 

Proof, (i) Let us assume for example that a = e = 0. Then F 1 = © Oe and V 
is isomorphic either to Wj^ ®W n - k+ \ or to ®OE®W n - k , and in either case it is 
unstable. Conversely, if V is unstable, then it has a maximal destabilizing subshcaf 
W of positive degree, which is stable and which must map nontrivially onto W n - k . 
Thus degW = 1. Now if W n ^ 0, then W n H 7 ^ has degree < -1 and is 
contained in the kernel of the map W — ► W n - k . This would force the image of H 7 
to have degree at most zero, which is impossible. So WflW t v = and thus the map 
W -» F/F is injective. Now either F/F S M/„_ fe+ i or V/F a S W„_ fc © O b . In 
the first case, H 7 = W n - k +i by the stability of W n -k+i and V = W 7 ^ © W n -k+i- In 
this case «o = e = 0. In the remaining case, V/F a = W n -k © Oe and H 7 = W n - k . 
In this case ai = e = 0. In both cases we must have a^cxi = and e = 0. 

(ii) First suppose that a$ai ^ 0. Since a ^ 0, F 1 = H 7 ,^. From the exact 
sequence 

-» F 1 - y - IF„_ fe - 0, 

and the fact that H°(F 1 ) — 0, there is an exact sequence if°(V) — ► £f°(W n _fc) — > 
H 1 (F 1 ). If we compose the map H°(W n - k ) — > H 1 (F 1 ) with the natural map 
H 1 (F 1 ) — ► H 1 (Oe), the result is ai up to a nonzero scalar. Thus, if «i ^ 0, the 
map £Z"°(W n _fc) — > H 1 (F 1 ) is injective and so -ff°(V) = 0. Conversely, suppose 
that either a or ai is zero. If for example a\ = 0, then V/F° = W n -k © Oe, so 
that h°(V/F°) = 2. Since fl°(V) is the kernel of the map H°(V/F°) -» H 1 (F°) = 
H X {W%) ^ C, F°(y) ^ 0. The case a 7^ is similar and simpler. Thus, if 
h°(V) = 0, then a ai ^ 0. □ 

The group C* x C* (or more precisely C 3 /C) acts on the affine space C™ +2 by 
acting on the identifications of the quotients F 4+1 / ' F % with the standard bundles. 
The quotient by this action (which is not in fact separated) is the set of bundles V 
of rank n + 1, together with nitrations on V with the appropriate graded object. 
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The action of C* x C* is compatible with the projection to C 2 . If we normalize the 
action so that (A, n) ■ (ao,ai) = (Aa ,/uai), then (A, /x) acts on the distinguished 
subspace Ext 1 (W n _fe, W%) = C" by e m A^e. Clearly, the action is free over the 
set a ai ^ 0. The quotient of the points where ao ^ 0, a\ = 0, e ^ is a P n_1 , and 
this P n_1 is identified with the corresponding P n_1 where a% ^ 0, a = 0, e ^ 0; 
in fact, the C* x C*-orbits intersect along the subspace where ao = ct\ = 0, e ^ 0. 
The points ao^i = e = arc unstable points and do not appear in a GIT quotient 
for the action. We also have the map (1.5) $ : C™ +2 — (C U C) to the coarse moduli 
space P™ of semistable bundles of rank n+lonB. By Lemma 6.13, the image of 
the two subsets {ao = 0,e^0} and {ai=0,e^0}is exactly the hyperplane in 
P™ corresponding to bundles V such that h°(V) ^ 0, or in other words such that 
V has Oe as a Jordan-Holder quotient. 

Lemma 6.14. The map $: C™ +2 — (CUC) — ► P™ is the geometric invariant theory 
quotient of C"+ 2 - (C U C) by the action of C* x C*. 

Proof. First suppose that the point x € C" +2 — (CUC) lies in the open dense subset 
a n ai ^ where C* x C* acts freely. Thus if V is the vector bundle corresponding 
to x, then h°(V) — 0; equivalcntly, V has no Jordan-Holder quotient equal to Oe, 
and V is a regular semistable bundle. If = $(a;'), then x' also lies in the set 
a^ai ^ 0, and the bundle V corresponding to x' is also regular and semistable. 
Thus V = V, and we must determine if the filtration F % on V exists is unique up 
to isomorphism. First, if V is a regular semistable bundle of rank n + 1, then it is 
an extension of W n ~k by W^ +1 , where the subbundle W^ +1 of V is unique modulo 
automorphisms of V, and taking the further filtration of W% +1 by the subbundle 
, with quotient Oe- Thus V = for some x. Conversely, if V has on it a 
filtration F 2 with a ax ^ 0, then F 1 = W^ +1 . Moreover, if H°(V) = 0, then every 
subbundle of V isomorphic to is contained in a subbundle isomorphic to W^ +1 
(whereas if H°(V) ^ 0, this is no longer the case; cf. §3.2). Thus the filtration F l 
is unique up to automorphisms of V. The above argument shows that $ induces 
an isomorphism 

(C n+2 - { a ai = }) /C* xC% P" - H. 

In case x lies in the set a = 0, , ct\ ^ 0, e ^ 0, a straightforward argument 
identifies the quotient by C* x C* with H C P", and likewise for a a ^ 0, cti — 
0,e ^ 0, a a = ai = 0,e ^ 0. □ 

The coarse moduli space P" has its associated spectral cover T, which is an 
(n + l)-sheeted cover of P™. Let f -> C™+ 2 - (C U C) be the pulled back cover of 
C" +2 — (CUC) via the morphism $. Using Lemma 6.14, we can see directly that T 
is singular, with the generic singularities a locally trivial family of threefold double 
points. In fact, the inverse image of H in T is of the form H LIT', where T" is the 
spectral cover of H = P™ _1 . The intersection of H and T' is transverse (see §5.7), 
and H n T' , viewed as a subset of H C P", corresponds to those bundles which 
have Ob as a Jordan-Holder quotient with multiplicity at least two. If t is a local 
equation for H in P™ near a generic point of HOT', there are local coordinates on 
T for which t = uv, since H splits into H U T". Thus the local equation for T is 
ttotti = uv, which is the equation for a family of threefold double points. 

We can also do the above constructions in families 7r: Z — > B. We could take 
the point of view of [8] and realize the relative nonabelian cohomology groups as a 
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bundle of affine spaces over B. However, it is also possible to proceed directly as 
in §5.2. We seek vector bundles V which have a filtration C F° C F 1 C V, where 
F° = W% ® 7T*M , F 1 /F° = n*M u and V/F 1 = W„_ fe ® tt*M 2 for line bundles 
Mo, M\, M2 on £?. Of course, we can normalize by twisting V so that one of the 
Mi is trivial. The analysis of such extensions parallels the analysis for a single E. 
We begin by constructing F°. It is described by an extension class in 

H\Z; 7r*Mf 1 ® W fc v ® it* M ) S H°(B; R^^W^) ® Mf 1 ® M ) 
= H°(B;L- k ® Mf 1 (g) M ). 

If the difference line bundle M-f 1 (g) M is sufficiently ample, then there will be 
nonzero sections ao of ® M-f 1 ® Mo vanishing along a divisor Do m B. Next, 
we seek extensions of F 1 by W n - k ® tt*M 2 . Now ® 7r*M 2 _1 ® vr*Mi) = 0, 

and by the Leray spectral sequence 

H 2 (YVn-k ® 7r*M 2 _1 ® y\# ® 7T*M ) S H 1 (B; B}^{W^_ k ® W fc v ) ® Mf 1 ® M ). 

We assume that Mf 1 ® M is so ample that the above group is zero. In this case 
there is an exact sequence 

-» H^W^k ® Tr'Ma -1 ® ® tt*M ) -» Ext^Wn-fc ® tt*M 2 , F x ) -» 
^(Wn-k ® Ti-'M-f 1 ® tt*Mi) -> 0. 

The left-hand group is H°(R 1 TT^(W^_ k ® V\#) ® M 2 _1 ® M ), and the right-hand 
group is H°(L n ~ k ® M 2 _1 ® Mi). Thus, for M-f 1 ® Mi sufficiently ample, there will 
exist sections ot\ of L™~ fc ® M^ 1 ® Mi, vanishing along a divisor Z?i in £?, and we 
will be able to lift these sections to extension classes in Ext (W„_fc ® 7r*M 2 ,F 1 ). 
Moreover, if we restrict, say, to the divisor D n = 0, then there is also a well- 
defined class e in 7J°(i? 1 7r»(W^_ fc ®W^)®M 2 - 1 ®Mo). There is a divisor D on 
B corresponding to such extensions which have a factor 0£ b for b e D. In fact, if 
a = c\{L ® M 2 _1 ® M ), then it follows from (4.15) and (5.9) that [D] = a - nL. 
(Compare also (5.21).) As long as Mf 1 ® M is also sufficiently ample, we can 
assume that the divisors D , D\ and D are smooth and intersect transversally in a 
subvariety of B of codimension three. Along this subvariety, V fails to be regular. 

Note that the V constructed above are a deformation of V © Oz, where V is 
a twist of a bundle of the form Va,i-h'i it suffices for example to take «o = and 
e ^ 0. 

For generic choices, the spectral cover Ca will acquire singularities in codimen- 
sion three, which will generically be families of threefold double points. In par- 
ticular, there are Weil divisors on Ca which do not extend to Cartier divisors, 
as predicted by Lemma 6.12. It is also amusing to look at the case dim_B = 2, 
where for generic choices the spectral cover will be smooth. The construction then 
deforms V © Oz to a bundle V which has regular semistable restriction to ev- 
ery fiber. Starting with a generic V' = VA. a ( n ) of rank n, we cannot in general 
deform V © Oz to a standard bundle VA,b(n + 1) ® tt*N . Instead, the spectral 
cover Ca has Picard number larger than expected. In fact, we have the divisor 
F = (r*a x B Z) n Ca, which is mapped isomorphically onto its image in B, and 
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this image is the same as A D TL C V n -\. Now A fl TL corresponds to the bundles V 
such that h°(V) ^ 0, and thus by Lemma 6.13 this locus is just D U D\. Thus in 
Ca the divisor F splits into a sum of two divisors, which we continue to denote by 
Do and D\ . Using these extra divisors, we can construct more vector bundles over 
Z, of the form Va,o[-^V] for some extra line bundle N, which enable us to deform 
V © Oz to a bundle which is everywhere regular and semistable. 

Let us just give the details in a symmetric case. Let M be a sufficiently ample line 
bundle on B. There exist bundles V on Z which have regular semistable restriction 
to every fiber and also have a filtration F° C F 1 C V, with 

V/F 1 = W k ® tt*M- 1 ; F l /F° S O z \ F° = W% <g> n*M. 

The bundle V is a deformation of a bundle of the form V © 0^. Thus, there 
must exist a line bundle N on the spectral cover Ca such that Va,o[-^] has the 
same Chern classes as V. Direct calculation with the Grothendieck-Riemann-Roch 
theorem shows that this happens for 

N = M ® Ca (-F + (k + l)D + fcDi) 

as well as for 

JV = M ® Oca(--F + fc A) + (fc + l)£>i), 
and that these are the only two "universal" choices for N. 

Question. Suppose that dim B = 3 and consider spectral covers which have an or- 
dinary threefold double point singularity. The local Picard group of the singularity 
is TL. Given a e Z, we can twist by a line bundle over the complement of the 
singularity which correspond to the clement a G Z. The result is a vector bundle 
on Z, defined in the complement of finitely many fibers, and thus the direct image 
is a coherent reflexive sheaf on Z. What is the relationship of local behavior of this 
sheaf at the finitely many fibers to the integer a? 

7. Stability. 

Our goal in this final section will be to find sufficient conditions for Vam, or more 
general bundles constructed in the previous two sections, to be stable with respect 
to a suitable ample divisor. Here suitable means in general a divisor of the form 
Hq + Nw*H, where Ho is an ample divisor on Z and H is an ample divisor on B, 
and N 3> 0. As we have already see in §5.6, for A = o, the bundle V ^ a is essentially 
always unstable with respect to every ample divisor. Likewise, suppose that A is 
a section lying in TL as in §5.7, so that Va,o has a surjection to it* L a . If the line 
bundle corresponding to A is sufficiently ample, it is easy to see that for appropriate 
choices of a we can always arrange /x^(7r*L a ) < /Uij(VA ;0 ), so that Vam is unstable. 
Thus, we shall have to make some assumptions about A. More generally, let V 
be a bundle whose restriction to the generic fiber is regular and semistable, and 
let A be the associated quasisection. It turns out that, if the spectral cover Ca is 
irreducible, then V is stable with respect to all divisors of the form H + Nir*H, 
provided that N 3> 0. A similar result holds in families. However, we are only able 
to give an effective estimate for N in case dim B = 1 . In particular, whether there 
is an effective bound for N which depends only on Z, H , H, C\(V), and C2(V) 
is open in case dim£? > 1. We believe that such a bound should exist, and can 
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give such an explicit bound for a general B in the rank two case for an irreducible 
quasisection A. (Of course, when dimi? > 2, an irreducible quasisection A will 
almost never be an actual section.) However, we shall not give the details in this 
paper. 

7.1. The case of a general Z. 

Let 7r: Z — > B be a flat family of Weierstrass cubics with a section. We suppose 
in fact that Z is smooth of dimension d + 1 . Fix an ample divisor Hq on Z and an 
ample divisor H on B, which we will often identify with it* H on Z. 

Theorem 7.1. Let V be a vector bundle of rank n over Z whose restriction to the 
generic fiber is regular and semistable, and such that the spectral cover of the qua- 
sisection corresponding to V is irreducible. Then there exists an 6q > 0, depending 
on V, Hq, H , such that V is is stable with respect to eHo + H for all < e < eo. 

Proof. Let W be a subsheaf of V with < rankVF < r. The semistability as- 
sumption on V\f, for a generic /, and the fact that W\f — ► V\f is injective for a 
generic / imply that ci(W) ■ f < 0. If however Ci(W) ■ f = 0, then W and V/W 
are also semistable on the generic fiber. By Proposition 5.22, the spectral cover 
corresponding to V would then be reducible (the proof in (5.22) needed only that 
V has regular semistable restriction to the generic fiber), contrary to hypothesis. 
Thus in fact a(W) ■ f < 0. Equivalcntly, a(W) ■ H d < 0. 

cAW) ■ H d 

For a torsion free sheaf W, define uh(W) — , by analogy with an 

rank W 

ample H a . If W is a subsheaf of V such that < rankVF < n, then ^h(TT) is a 
strictly negative rational number with denominator bounded by n — 1. 

Lemma 7.2. There is a constant A, depending only on V,H ,H, such that 

Cl (W)-W-Ht l < A 
rank IF 

for all i with < i < d and all nonzero subsheaves IF ofV. 
Proof. There exists a filtration 

C F° C F 1 C • • • C F n ~ 1 = V 

such that F- 7 /F^ 1 is a torsion free rank one sheaf, and thus is of the form Lj®Ixj 
for Lj a line bundle on Z and Xj a subscheme of codimension at least two (possibly 
empty). Suppose that IF has rank one. Then there is a nonzero map from IF to 
Lj®Ixj for some j, and thus IF is of the form Lj®Oz{—D)®Ix for some effective 
diviisor D on Z and subscheme X of codimension at least two (possibly empty). 
Thus 

Ci(IF) • H l ■ Hf- 1 < ci(Lj) • IP ■ H$-\ 

Thus these numbers are bounded independently of IF. In case IF has arbitrary 
rank r, 1 < r < n — 1, find a similar filtration of the bundle /\ r V by subsheaves 
whose successive quotients are rank one torsion free sheaves, and use the existence 
of a nonzero map /\ r IF — > /\ r V to argue as before. □ 
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Returning to the proof of Theorem 7.1, if W is a subsheaf of V such that < 
rankle < n, it follows that 

,ti,\ Ci(W) ■ (eH + H) d ^ 1 

On the other hand, since det V is pulled back from B, c\(V) ■ H d = and so 

Cl (V) ■ (eH Q + H) d 
HeH +H(V) = = 0(e). 

Thus, for e sufficiently small, for every subsheaf W of V with < rank ly < n, 

^eH +H{W) < ^ eHo + H(V). 

In other words, V is stable with respect to eHo + H. □ 

Corollary 7.3. Let V be a family of vector bundles over S x Z, such that, for 
each s E S, the restriction V s — V\{s} x Z has regular semistable restriction to the 
generic fiber of ir and the corresponding spectral cover is irreducible. Then there 
exists an cq > 0, depending on V, Hq, H , such that, for every s £ S, V s is is stable 
with respect to eH + H for all < e < e . 

Proof. We may assume that S is irreducible. The proof of Theorem 7. 1 goes through 
as before as long as we can uniformly bound the integers c\(W) ■ H l ■ Hq" 1 as W 
ranges over subsheaves of V s over all s £ S. But there exists a filtration 

C F° C F 1 C ■ ■ ■ C F n - 1 = y 

such that is a torsion free rank one sheaf on S x Z, and thus is of the form 

£j <8 Ixj for Cj a line bundle onSxZ and Xj a subscheme of S x Z of codimension 
at least two, such that, at a generic point s of S, ({s} x Z) n has codimension at 
least two in Z. On a nonempty Zariski open subset of S, the filtration restricts to 
a filtration of V s of the form used in the proof of Lemma 7.2, and c\(Cj\{s} x Z) is 
independent of s. Similar nitrations exist for the exterior powers /\ r V. This bounds 
c\ (W) ■ H l ■ Hq ~ % as W ranges over subsheaves of V s over all s in a nonempty Zariski 
open subset of S. By applying the same construction to the components of S — Q 
and induction on dim S, we can find the desired bound for all s E S. □ 

7.2. The case of an elliptic surface. 

In case dimi? = 1, there is a more precise result. 

Theorem 7.4. Let tt: Z — > B be an elliptic surface and let H be an ample divisor 
on Z . Let f be the numerical equivalence class of a fiber. Let V be a vector bundle 
of rank n on Z which is regular and semistable on the generic fiber, with det V the 
pullback of a line bundle on B, and with C2(V) = c, and such that the spectral cover 

n 3 

of V is irreducible. Then for all t > t = —C2(V), V is stable with respect to 
H +tf = H t . 

Proof. If V is H to -stable, then as it is /-stable (here stability is defined with respect 
to the nef divisor /) it is stable with respect to every convex combination of H to 
and / and thus for every divisor H t with t > t . Thus we may assume that V is 
not H to -stable for some to > 0. 
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Lemma 7.5. Suppose that V is not H to -stable for some t > 0. Then there exists 
at\ > to and a divisor D such that D ■ H tl = and 

„3 

-\*{V) <D 2 <0. 

Proof. By Theorem 7.1, for all i 3> 0, V is instable. Let t\ be the greatest lower 
bound of the t such that, for all t' > t, V is H t '-stab\e. Thus t\ > 0. The condition 
that V is i? t -unstable is clearly an open condition on t. It follows that V is strictly 
iJtj-semistable, so that there is an exact sequence 

-» V -» V -» V" -» 0, 

with both V, y torsion free and of strictly smaller rank than V, and with 
A»iJ tl (V') = Hh h {V") = HH tl {V). Thus, both V and y are # tl -semistable. Let 
D = r'ci(V") - r"ci(V). Then the equality Hh h {V) = Hh h {V") is equivalent 
to D ■ H tl = 0. Note that D is not numerically trivial, for otherwise V would be 
strictly iJ t -semistable for all t, contradicting the fact that it is 7? t -stable for t 3> 0. 
Thus, by the Hodge index theorem, D 2 < 0. Now, for a torsion free sheaf of rank 
r, define the Bogomolov number (or discriminant) of W by 

B{W) = 2rc 2 (W) - (r - l) Cl {W) 2 . 

If W is semistable with respect to some ample divisor, then B(W) > 0. Finally, we 
have the identity ([5], Chapter 9, ex. 4): 

77 77 Y) 2 

B(V) = 2nc 2 (V) = -B{V>) + -B(V") — , 

and thus, as B(V) > and B(V") > by Bogomolov's inequality, 

D 2 > -(r'r")2nc 2 (V). 

Since r' + r" = n, r'r" < n 2 /A, and plugging this in to the above inequality proves 
the lemma. □ 

Returning to the proof of Theorem 7.4, the proof of Lemma 1.2 in Chapter 7 of 

77 3 

[6] (see also [5], Chapter 6, Lemma 3) shows that, if t > to = —c 2 (V), then for 

7l 3 

every divisor D such that D 2 > — —c 2 {V) and D • f > 0, we have D ■ H t > 0. Now, 

if V is not H to -stable, we would be able to find a t\ > t n and an exact sequence 
-> y -> V -> V" -»• as above, with fJ-H H (V) = fi Htl (V"). Now setting 
D = r'ci(V") — r"c\(V') as before, we have 

o < w00 - w( v) = Cl(n ' / + Cl(t " r/ - sfi^Z 

n r 

_ (/ Cl (y)-r%(y))-/ _ j-/ 

r'n r'n 
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so that D ■ f > 0, and likewise D ■ H tl — 0. Thus D ■ H to < 0, contradicting 

71 

the choice of to. It follows that, for all t > to = —C2(V), V is H t -stab\e. This 
completes the proof of (7.5). □ 

As a final comment, the difficulty in finding an effective bound in case dim£> > 1 
is the following: For a torsion free sheaf W, we can define B(W) as before, but 
it is an element of H 4 (Z), not an integer. In the notation of the proof of Lemma 
7.5, Bogomolov's inequality can be used to give a bound for B{V) ■ H?~ 2 and 
B(V") ■ H™~ for some (unknown) value of t, and thus there is a lower bound for 
D 2 ■ H™~ 2 , again for one unknown value of t. However this does not seem to give 
enough information to complete the proof of the theorem, except in the rank two 
case where the lower bound can be made explicit for all t. 
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